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Closed-Form  2D  Angle  Estimation  with  Rectangular  Arrays 
UCA-ESPRIT  is  a  recently  developed  closed  form  algorithm  for  use  in  conjunction  with  a 
uniform  circular  array  (UCA)  that  provides  automatically  paired  source  azimuth  and  elevation 
angle  estimates.  2D  Unitary  ESPRIT  is  presented  as  an  algorithm  providing  the  same  capabil¬ 
ities  for  a  uniform  rectangular  array  (URA).  In  the  final  stage  of  the  algorithm,  the  real  and 
imaginary  parts  of  the  i  -  th  eigenvalue  of  a  matrix  are  one-to-one  related  to  the  respective 
direction  cosines  of  the  i  —  th  source  relative  to  the  two  major  array  axes.  2D  Unitary  ESPRIT 
offers  a  number  of  advantages  over  other  recently  proposed  ESPRIT  based  closed-form  2D  an¬ 
gle  estimation  techniques.  First,  except  for  the  final  eigenvalue  decomposition  of  dimension 
equal  to  the  number  of  sources,  it  is  efficiently  formulated  in  terms  of  real-valued  computation 
throughout.  Second,  it  is  amenable  to  efficient  beamspace  implementations  that  will  be  pre¬ 
sented.  Third,  it  is  applicable  to  array  configurations  that  do  not  exhibit  identical  subarrays,  e. 
g,,  two  orthogonal  linear  arrays.  Finally,  2D  Unitary  ESPRIT  e&sily  handles  sources  having  one 
member  of  the  spatial  frequency  coordinate  pair  in  common.  Simulation  results  are  presented 
verifying  the  efficacy  of  the  method. 

Beamspace  DOA  Estimation  Featuring  Multirate  Eigenvector  Processing 
A  novel  approach  to  angle  of  arrival  estimation  in  beamspace  has  been  developed.  Beamspace 
noise  eigenvectors  may  be  transformed  to  vectors  in  the  element-space  noise  subspace.  The 
transformed  noise  eigenvectors  are  bandpass,  facilitating  multirate  processing  involving  modu¬ 
lation  to  baseband,  filtering,  and  decimation.  As  these  operations  are  linear,  a  matrix  transfor¬ 
mation  applied  to  the  eigenvectors  may  be  constructed  a  priori.  Incorporation  of  the  technique 
into  either  the  Root-MUSIC  or  ESPRIT  prescriptions  provides  a  computationally  efficient  pro¬ 
cedure.  Compared  to  past  efforts  to  adapt  Root-MUSIC  and  ESPRIT  to  beamspace,  this 
approach  circumvents  the  need  for  restrictive  requirements  on  the  form  of  the  beamforming 
transformation.  An  asymptotic  theoretical  performance  analysis  is  also  included  to  provide  an 
alternative  to  computationally  intensive  Monte-Carlo  simulations.  Simulation  studies  show  the 
validity  of  the  performance  predictive  expressions  and  verify  that  the  procedure,  when  incor¬ 
porated  into  the  Root-MUSIC/ESPRIT  formulations,  produces  a  direction  finding  technique 
that  nearly  attains  the  Cramer-Rao  bound. 

Multidimensional  Multirate  DOA  Estimation  in  Beamspace 
The  ID  multirate  approach  was  extended  to  the  more  general  case  of  2D  angle  estimation 
with  a  uniform  rectangular  array  (URA)  of  sensors.  Multidimensional  multirate  processing  is 
employed  to  ultimately  yield  a  small  order  polynomial  in  two  variables.  Again,  due  to  the 
linearity  of  the  2D  filtering  and  2D  decimation  operations,  the  actual  algorithm  merely  premul¬ 
tiplies  each  beam  space  noise  eigenvector  by  a  precomputed  transformation  matrix.  To  avoid 
the  spectral  search,  despite  the  fact  that  the  fundamental  theorem  of  algebra  does  not  hold 
in  2D,  we  propose  taking  the  orthogonal  complement  of  the  resulting  transformed  noise  eigen¬ 
vectors  and  applying  a  novel  version  of  ESPRIT  facilitating  closed-form  2D  angle  estimation. 
Simulations  demonstrating  the  efficacy  of  the  approach  are  presented  along  with  theoretical 
performance  analysis. 
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Real-Time  Frequency  And  2-D  Angle  Estimation  With  Sub-Nyquist  Spatio-Temporal  Sampling 
An  algorithm  has  been  developed  for  real-time  estimation  of  the  frequency  and  azimuth  and 
elevation  angles  of  each  signal  incident  upon  an  airborne  antenna  array  system  over  a  very  wide 
frequency  band,  2-18  GHz,  commensurate  with  electronic  signal  warfare.  The  algorithm  pro¬ 
vides  unambiguous  frequency  estimation  despite  severe  temporal  undersampling  necessitated 
by  cost /complexity  of  hardware  considerations.  The  2-18  GHz  spectrum  is  decomposed  into 
1  GHz  bands.  The  baseband  output  of  each  antenna  is  sent  through  two  250  MHz  sampled 
channels  where  one  is  delayed  relative  to  the  other  (prior  to  sampling)  by  .5  ns,  the  Nyquist 
interval  for  a  1  GHz  bandwidth.  Due  to  the  high  variance  of  the  Direct  ESPRIT  frequency 
estimator,  aliased  frequencies  are  estimated  via  a  simple  formula  and  translated  to  the  proper 
aliasing  zone  utilizing  eigenvector  information  generated  by  PRO-ESPRIT.  The  algorithm  also 
provides  unambiguous  2-D  angle  estimation  over  the  entire  2-18  GHz  bandwidth  despite  se¬ 
vere  spatial  undersampling  at  the  higher  end  of  this  band  necessitated  by  mutual  coupling 
considerations  and  resolving  power  requirements  at  the  lower  end  of  the  band.  Eigenvector 
information  generated  by  PRO-ESPRIT  is  used  to  facilitate  computationally  simple  estimation 
of  azimuth  and  elevation  angles  automatically  paired  with  corresponding  frequency  estimates 
despite  aliasing.  Simulations  are  presented  demonstrating  the  capabilities  of  the  algorithm. 
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1  Closed-Form  2D  Angle  Estimation  with  Rectangular 
Arrays 

UCA-ESPRIT  is  a  recently  developed  closed  form  algorithm  for  use  in  conjunction  with  a  uni¬ 
form  circular  array  (UCA)  that  provides  automatically  paired  source  azimuth  and  elevation 
angle  estimates.  2D  Unitary  ESPRIT  is  presented  as  an  algorithm  providing  the  same  capabil¬ 
ities  for  a  uniform  rectangular  array  (URA).  In  the  final  stage  of  the  algorithm,  the  real  and 
imaginary  parts  of  the  i  —  th  eigenvalue  of  a  matrix  axe  one-to-one  related  to  the  respective 
direction  cosines  of  the  i  —  th  source  relative  to  the  two  major  array  axes.  2D  Unitary  ESPRIT 
offers  a  number  of  advantages  over  other  recently  proposed  ESPRIT  based  closed-form  2D  an¬ 
gle  estimation  techniques.  First,  except  for  the  final  eigenvalue  decomposition  of  dimension 
equal  to  the  number  of  sources,  it  is  efficiently  formulated  in  terms  of  real-valued  computation 
throughout.  Second,  it  is  amenable  to  efficient  beamspace  implementations  that  will  be  pre¬ 
sented.  Third,  it  is  applicable  to  array  configurations  that  do  not  exhibit  identical  subarrays,  e. 
g.,  two  orthogonal  linear  arrays.  Finally,  2D  Unitary  ESPRIT  easily  handles  sources  having  one 
member  of  the  spatial  frequency  coordinate  pair  in  common.  Simulation  results  are  presented 
verifying  the  efficacy  of  the  method. 
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1  Introduction 


For  ID  axrays,  if  the  elements  are  uniformly-spaced,  Root-MUSIC and  ESPRIT^  [1]  avert  a  spectral 
search  in  determining  the  direction  of  arrival  (DO  A)  of  each  incident  signal.  Instead,  the  DO  A  of 
each  signal  is  determined  from  the  roots  of  a  polynomial.  For  either  Root-MUSIC or  ESPRIT^,  the 
roots  of  interest  ideally  lie  on  the  unit  circle  and  are  related  one-to-one  with  each  source  as  shown 
in  Figure  1. 

For  2D  (planar)  arrays,  the  fact  that  the  fundamental  theorem  of  algebra  does  not  hold  in  two 
dimensions  typically  precludes  a  rooting  type  of  formulation.  Even  for  the  highly  regular  uniform 
rectangular  array  (URA),  2D  M/75/C' requires  a  spectral  search  of  a  multimodal  two-dimensional 
surface,  while  both  Multiple.  Invariance  ESPRIT  [2,  3]  and  Clark  &  Scharf’s  2D  IQML  [4]  algorithm 
involve  nonlinear  optimization.  Now,  it  should  be  pointed  out  that  a  URA  lends  itself  to  separable 
processing  allowing  one  to  decompose  the  2D  problem  into  two  ID  problems.  That  is,  one  can 
estimate  the  DOA’s  with  respect  to  one  array  axis  via  one  set  of  calculations  involving  a  MUSIC  or 
ESPRIT  based  polynomial  formulation,  and  also  do  the  same  with  respect  to  another  array  axis. 
Coupling  information  may  be  employed  to  subsequently  pair  the  respective  members  of  the  two  sets 
of  ID  angle  estimates  [5]. 

In  the  Algebraically  Coupled  Matrix  Pencil  (ACMP)  method  of  van  der  Veen  et  aP  [6],  eigen¬ 
vector  information  is  employed  to  pair  the  respective  members  of  the  two  sets  of  ID  angle  estimates. 
However,  ACMP  breaks  down  if  two  sources  have  the  same  arrival  angle  relative  to  either  the  x-axis 
or  the  y-axis,  assuming  the  URA  to  lie  in  the  x-y  plane. 

In  contrast,  for  a  uniform  circulax  array  (UCA)  the  recently  developed  UCA-ESPRIT  [7,  8] 
algorithm  provides  closed-form,  automatically  paired  2D  angle  estimates  as  long  as  the  azimuth 
and  elevation  angle  of  each  signal  arrival  is  unique.  As  illustrated  in  Figure  2,  in  the  final  stage 
of  UCA-ESPRIT,  the  i-th  eigenvalue  of  a  matrix  is  of  the  form  sin  0,  e-'^' ,  where  (j)i  and  di  are  the 
azimuth  and  elevation  angles  of  the  i-th  source.  Note  that  sin^,-  e^^'  =  u,-  jvi,  where  Ui  and  v,-  are 
the  direction  cosines  of  the  i-th  source  relative  to  the  x  and  y  axes,  respectively.  The  eigenvalue 
for  each  source  is  thus  unique  such  that  UCA-ESPRIT  does  not  have  the  aforementioned  problem 

1  esprit  may  also  be  employed  in  the  case  of  an  array  composed  of  at  least  two  translationally  invariant  subarrays. 

^In  ESPRIT  the  DOA’s  are  extracted  from  eigenvalues  which  are  roots  of  the  characteristic  polynomial  of  a 
matrix. 

^van  der  Veen  et  at  do  not  actually  give  their  method  a  name.  In  a  later  paper  Vanpoucke  et  al  label  their  method 
ACMP. 
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ACMP  has  when  two  sources  have  the  same  u;  or  the  same  u;.  We  here  develop  a  closed-form  2D 
angle  estimation  algorithm  for  a  URA  that  provides  automatic  pairing  in  a  similar  fashion.  That 
is,  in  the  final  stage  of  new  algorithm,  referred  to  as  2D  Unitary  ESPRIT,  the  real  and  imaginary 
parts  of  the  i-th  eigenvalue  of  a  matrix  are  one-to-one  related  to  u,-  and  u,-,  respectively. 

2D  Unitary  ESPRIT  is  developed  as  an  extension  of  the  recently  proposed  Unitary  ESPRIT 
[9,  10]  algorithm  for  a  uniform  linear  array  (ULA).  Unitary  ESPRIT  exploits  the  conjugate  centro- 
symmetry  of  the  array  manifold  for  a  ULA  to  formulate  each  of  the  three  primary  stages  of  ESPRIT 
in  terms  of  real-valued  computations:  (1)  the  computation  of  the  signal  eigenvectors,  (2)  the  solution 
to  the  system  of  equations  derived  from  these  signal  eigenvectors,  and  (3)  the  computation  of  the 
eigenvalues  of  the  solution  to  the  system  of  equations  formed  in  stage  2.  Note  that  Huarng  &; 
Yeh  [11]  and  Linebarger  et  al  [12]  previously  exploited  the  conjugate  centro-symmetry  of  the  ULA 
manifold  to  formulate  the  determination  of  the  noise  eigenvectors  and  subsequent  spectral  search 
required  by  MUSIC  in  terms  of  real-valued  computation.  The  ability  to  formulate  an  ESPRIT- 
like  algorithm  for  a  ULA  that  only  requires  real- valued  computations  from  start  to  finish,  after  an 
initial  sparse  unitary  transformation,  is  critically  important  in  developing  a  closed-form  2D  angle 
estimation  algorithm  for  a  URA  similar  to  UCA-ESPRIT  for  a  UCA.  Unitary  ESPRIT  is  thus 
reviewed  in  Section  3  after  a  brief  overview  in  Section  2  of  to  transformations  facilitated  by 
the  conjugate  centro-symmetry  of  the  ULA  manifold. 

A  reduced  dimension  beamspace  version  of  Unitary  ESPRIT  is  developed  in  Section  4.  There  are 
a  number  of  advantages  to  working  in  beamspace:  reduced  computational  complexity  [13],  decreased 
sensitivity  to  array  imperfections  [14],  and  lower  SNR  resolution  thresholds  [15].  In  contrast  to  the 
Beamspace  ESPRIT  [16]  algorithm  of  Xu  et  al,  the  beamspace  version  of  Unitary  ESPRIT  exploits 
the  real-valued  nature  of  the  beamspace  manifold  to  formulate  each  of  the  three  primary  stages  of 
ESPRIT  in  terms  of  real- valued  computations  as  in  Unitary  ESPRIT,  but  in  a  reduced  dimension 
space.  Although  the  respective  developments  of  Unitary  ESPRIT  and  its  beamspace  counterpart 
proceed  along  markedly  different  lines,  there  is  an  interesting  relationship  between  the  two  presented 
in  Section  4.1.  The  relationship  between  Beamspace  ESPRIT  and  the  new  beamspace  version  of 
Unitary  ESPRIT  is  examined  in  Section  4.2. 

2D  Unitary  ESPRIT  is  developed  in  Section  5.  In  addition  to  the  ability  to  handle  sources 
having  the  same  arrival  angle  relative  to  either  the  x-axis  or  the  y-axis,  2D  Unitary  ESPRIT  offers 
a  number  of  advantages  over  other  recently  proposed  ESPRITh&sed  closed-form  2D  angle  estimation 
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techniques  including  ACMP.  First,  except  for  the  final  eigenvalue  decomposition  of  dimension  equal  . 
to  the  number  of  sources,  it  is  efficiently  formulated  in  terms  of  real-valued  computation  throughout. 
Second,  it  is  amenable  to  a  reduced  dimension  beamspace  implementation.  In  Section  6,  we  develop 
a  beamspace  version  of  2D  Unitary  ESPRIT  as  an  extension  of  the  beamspace  version  of  Unitary 
ESPRIT  presented  in  Section  4. 

Another  advantage  of  2D  Unitary  ESPRIT  over  ACMP  is  that  the  former  is  applicable  to  array 
configurations  that  do  not  exhibit  identical  subarrays,  e.  g.,  two  noncollinear  ULA’s.  In  contrast, 

A  CMP  requires  an  array  of  sensor  triplets  so  that  one  can  extract  three  identical  subarrays  from  the 
overall  array.  2D  Unitary  ESPRIT  only  requires  that  the  array  exhibit  invariances  in  two  distinct 
directions.  In  Section  7,  we  show  how  2D  Unitary  ESPRIT  may  be  simply  adapted  for  the  case  of 
two  orthogonal  ULA’s  having  a  common  phase  center.  ACMP  is  not  applicable  with  such  an  array 
geometry. 

Simulation  results  are  presented  in  Section  8  verifying  the  efficacy  of  2D  Unitary  ESPRIT  and  its 
beamspace  counterpart,  and  comparing  their  respective  performances  with  the  Cramer-Rao  Lower 
Bound. 


2  Real- Valued  Processing  with  a  ULA 


All  of  the  developments  in  this  paper  rely  on  some  well  known  aspects  of  real-valued  processing 
with  a  ULA  which  are  quickly  reviewed  here  [9, 10,  11, 12,  17].  Employing  the  center  of  the  ULA  as 
the  phase  reference,  the  array  manifold  is  conjugate  centro-symmetric.  For  example,  if  the  number 
of  elements  comprising  the  ULA,  N,  is  odd,  there  is  a  sensor  located  at  the  array  center  and  the 
array  manifold  is 


a;v(/i) 


e-j(  . . . ,  1,  . . . ,  e^(  W]  ^  , 


(1) 


where  y.  -  ^  equal  to  the  wavelength,  Ar  is  equal  to  the  interelement  spacing,  and  u 

equal  to  the  direction  cosine  relative  to  the  array  axis.  The  conjugate  centre- symmetry  of  aAr(/t)  is 
mathematically  stated  as  nivaiv(yti)  =  where 


Un  = 


€ 


,NxN 


As  the  inner  product  between  any  two  conjugate  centro-symmetric  vectors  is  real- valued,  any  matrix 
whose  rows  are  each  conjugate  centro-symmetric  may  be  employed  to  transform  the  complex- valued 
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element  space  manifold,  aiv(M)?  a  real-valued  manifold.  As  noted  by  a  numerous  authors 
[9,  11,  12],  the  simplest  matrices  for  accomplishing  such  are 


Q2A'  = 


if  N  is  even,  or 


Q2a:-i-i  = 


^  [  Uk  -j  J  ’ 


Ik  0  j  Ik 

0^  y/2  0^ 

Hk'  0  -j  IIa' 


if  N  is  odd.  is  a  sparse  unitary  matrix  that  transforms  a/v^(/i)  into  an  iV  x  1  real- valued  manifold, 
=  Q^aiv(/i)-  For  example,  if  the  number  of  elements  comprising  the  ULA  is  odd,  the  form 
in  (4)  is  used  and 


div(/i)  =  Q^aiv(/x)  =  \/2  X  cos 


, ...,  cos  —  sin  ’  •••’ 


in(/i)  .  (5) 


Let  Rie  denote  the  N  x  N  complex-valued  element  space  sample  covariance  matrix.  Since  the 
transformed  manifold  is  real- valued,  the  signal  eigenvectors  required  at  the  front  end  of  ESPRIT 
may  be  computed  as  the  “largest”  eigenvectors  of  Note  that  in  addition  to 

the  obvious  computational  reduction,  taking  the  real  part  of  the  correlation  matrix  effects  signal 
decorrelation  [17]  in  the  case  of  highly  correlated  or  coherent  sources.  Alternatively,  if  X  denotes  the 
N  X  Ns  element  space  data  matrix  containing  Ns  snapshots  as  columns,  the  signal  eigenvectors  may 
be  computed  as  the  “largest”  left  singular  vectors  of  the  real-valued  matrix  Q^[X, n]vX*]M2Ars5 


where 


M2/V.  = 


L  Ik, 

Since  II^Qk  =  if  follows  that  Q^[X,  n/vX*]M2K,  =  V2[TZe{Y},-Im{Y}],  where  Y  = 
Q^X.  From  a  numerical  point  of  view,  the  latter  is  preferable  due  to  computational  efficiency  and 
robustness  to  dynamic  range,  especially  if  one  employs  an  algorithm  like  the  rank  revealing  URV 


decomposition  [18]. 

Note  that  pre-multiplication  of  an  x  1  vector  by  involves  very  little  computation.  In  fact,  it 
involves  no  multiplications  (the  scaling  by  \/2  is  unnecessary  in  computing  the  signal  eigenvectors) 
and  only  N  additions.  In  Section  4,  we  also  consider  the  use  of  the  N  pt.  DFT  matrix,  with 
appropriate  scaling  of  the  rows  to  make  them  each  conjugate  centro-symmetric  [17],  to  transform 
the  data  into  a  real- valued  beamspace.  Although  FFT’s  are  fast,  this  approach  ostensibly  involves 
significantly  more  computation  than  the  use  of  Q^.  The  utility  of  transforming  to  beamspace  comes 
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into  play  when  there  is  a-priori  information  on  the  general  angular  locations  of  the  signal  arrivals,  as 
in  a  radar  application,  for  example.  In  this  case,  one  may  only  apply  those  rows  of  the  DFT  matrix 
that  form  beams  encompassing  the  sector  of  interest.  This  yields  a  reduced  dimension  beamspace 
and  leads  to  reduced  computational  complexity  [13,  14,  15,  17].  This  is  possible  due  to  the  physical 
interpretation  that  the  rows  of  the  DFT  matrix  form  beams  pointed  to  different  angles.  There  is 
no  such  physical  interpretation  for  the  rows  of  thereby  precluding  the  possibility  to  work  in  a 
reduced  dimension  space. 

Note  that  in  this  paper  we  do  not  address  the  problem  of  estimating  the  number  of  sources.  We 
will  assume  an  estimate  is  available  via  a  procedure  such  as  that  described  by  Xu  et  al  in  [19]  which 
explicitly  exploits  the  conjugate  centro- symmetry  of  the  array  manifold  for  a  ULA. 

3  Review  of  Unitary  ESPRIT  for  ULA 

As  a  precursor  to  developing  an  ESPRIT  [1]  based  closed-form  2D  angle  estimation  scheme  for  a 
URA,  we  first  briefly  review  the  recently  proposed  Unitary  ESPRIT  [9]  algorithm  for  a  uniform 
linear  array  (ULA)  that  only  requires  real-valued  computations  from  start  to  finish  after  an  initial 
sparse  unitary  transformation  by  Q;^.  As  discussed  above,  if  X  denotes  the  N  x  Ns  element  space 
data  matrix  containing  Ns  snapshots  as  columns,  the  signal  eigenvectors  for  Unitary  ESPRIT  may 
be  computed  as  the  “largest”  left  singular  vectors  of  the  real-valued  matrix  [77.e{Y},  Jto{Y}], 
where  Y  =  QjfX.  Assume  that  there  axe  d  <  N  signal  arrivals.  Asymptotically,  the  x  d 
real-valued  matrix  of  signal  eigenvectors,  Es,  is  related  to  the  real-valued  N  x  d  DOA  matrix, 
D  =  [d{iii),  d(/i2),  d(/id)],  as  E5  =  DT,  where  T  is  an  unknown  dx  d  real-valued  matrix. 

Since  is  unitary,  it  follows  that  asymptotically  (as  the  number  of  snapshots  becomes  infinitely 
large) 

QnEs  =  AT,  '  (7) 

where.  A  =  [a(/ii),  a(/i2),  •••,  a(/id)],  the  N  x  d  complex-valued  element  space  DOA  matrix.  For  a 
ULA,  A  satisfies  the  so-called  invariance  property  [1] 

JiA$^  =  J2A  where:  =  diag{e'''‘‘ ,  ...,  (8) 
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and  Ji  and  J2  are  the  (iV  -  1)  x  N  matrices 


■  1  0  0  ...  0  0 

0  1  0  ...  0  0 

Jl  = 

.  0  0  0  ...  1  0 

■  0  1  0  ...  0  0 

0  0  1  ...  0  0 

h  = 

.  0  0  0  ...  0  1 

Jl  and  J2  select  the  first  and  last  N  -1  components  of  an  iV  x  1  vector,  respectively.  Note  that 

niv-iJ2n;v  =  Jl.  (11) 

From  (7),  we  have  A  =  which  when  substituted  in  (8)  yields  the  relation 

(JiQ;vEs)  ^  =  J2Q7VES,  where:  ^  (12) 


Thus,  the  eigenvalues  of  the  d  x  d  solution  ^  to  the  above  (iV  -  1)  x  d  matrix  equation  are  i  = 
l,...,d  ,  where  m  At  this  point,  we  have  an  ESPRIT  based  method  for  estimating 

the  arrival  angles  of  plane  waves  incident  at  a  ULA  for  which  the  first  stage  of  determining  signal 
eigenvectors  may  be  efficiently  formulated  in  terms  of  real- valued  computations.  We  now  show  that 
the  second  and  third  stages,  computing  the  solution  to  (JiQ;vEs)  ^  =  J2QivE5  and  the  eigenvalues 
of  respectively,  may  also  be  efficiently  formulated  in  terms  of  real- valued  computations. 

For  the  second  stage,  note  that  H^Qn  =  Qjv  so  that  =niv-iJ2nArnjvQiv  =JiQ3v, 

where  we  have  invoked  (11).  Since  E5  is  real-valued,  it  follows  that  the  system  of  equations  in  (12) 
may  be  expressed  as 

Ci^-  =  Un-iCI  where:  Ci  =  JiQjvEs.  (13) 

The  TLS  ^  solution  to  (13)  is  '$'  =  —^12^22^  where  is  a  complex-valued  2d  x  d  matrix 

containing  the  “smallest”  right  singular  vectors  of  [Ci,  EE^v-iCi].  To  reformulate  this  step  in  terms 
of  real- valued  computations,  we  exploit  the  special  structure  of  [Ci,  II;v-iC^]  to  convert  it  to  a  real¬ 
valued  matrix  of  the  same  dimension  through  pre-  and  post-multiplication  by  the  unitary  matrices 
Qiv-i  and  M2ci,  respectively,  where  M2ci  is  defined  by  (6)  with  Ng  replaced  by  d.  This  yields 

z  =  Q^.i[Ci:niv-iCj]M2<i.  (14) 

"^When  range{B}  C  range{A},  the  TLS  solution  to  AX=:B  is  the  same  as  the  LS  solution,  assuming  infinite 
precision. 
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The  fact  that  Z  is  real-valued  is  verified  by  alternatively  expressing  it  as  Z  =  V5[7?.e{G},  -Jm{G}], 
where  G  =  Qjv-iCi.  It  is  easily  shown  that  the  right  singular  vectors  of  Z  are  simply  related  to  those 
of  [Ci,n;v-iCi]  through  the  unitary  transformation  M.2d-  Specifically,  if 
2d  X  d  matrix  containing  the  “smallest”  right  singular  vectors  of  Z,  then 


Vi2 

V22 


is  a  real-valued 


■  Wi2' 

1 

Id  jid 

■  V12  ■ 

1 

V12  +  j'^22 

_  W22. 

“72 

.Id  -jid. 

_  V22  . 

~  V2 

V12  —  jXf22 

(15) 


This  shows  how  the  TLS  solution  ^  =  -Wi2Wj2^  may  be  computed  in  terms  of  the  right  singular 
vectors  of  the  real- valued  matrix  Z  in  (14). 

To  formulate  the  final  stage  of  ESPRIT  in  terms  of  real- valued  computation,  observe  that 


*  =  -WijW,-,' 

=  -(V,2+;V2j)(V,2-;V2,)-' 

=  -  ((-V12V2-2')  -  it)  ((-V12V2-2')  +  ;Id)  ■' 

=  /  (-V.2V2-2‘)  .  (16) 

where  f{x)  denotes  the  linear  fractional  transformation 


f{^) 


X  -  j 
x+j' 


(17) 


It  follows  from  the  Cayley-Hamilton  theorem,  that  if  ui  is  an  eigenvalue  of  the  real-valued  matrix 
-Vi2V72\  then  /(w)  =  -(w  -  i)/(a;  -f  ;)  is  an  eigenvalue  of  -Wi2W22^  and  the  associated  eigen¬ 
vectors  are  the  same.  This  shows  how  the  desired  complex  eigenvalues  of  =  —  Wi2W22^  may  be 
determined  in  terms  of  the  eigenvalues  of  a  real- valued  matrix. 

Now,  asymptotically,  the  eigenvalues  of  ^  =  — Wi2Wj2^  are  i  =  l,...,d.  Let  a;,-  be  an 

eigenvalue  of  —  Vi2Vj2^.  It  follows  from  the  above  development  that  e-"^'  =  —{ui  —  j)/{ui  +  j). 
Solving  for  Ui  yields 

1 

UJi  =  - 

J 

This  reveals  a  spatial  frequency  warping  identical  to  the  temporal  frequency  warping  incurred  in 
designing  a  digital  filter  from  an  analog  filter  via  the  bilinear  transformation!  Consider  d  =  Xf 2 
so  that  n  =  —/XxU  —  TTu.  In  this  case,  there  is  a  one-to-one  mapping  between  —1  <  «,•  <  1, 
corresponding  to  the  range  of  possible  values  for  a  direction  cosine,  and  00  <  w,'  <  cX).  Unitary 


pji^i 


1 


-f-  1 


tan  (  y 


(18) 


ESPRIT  is  summarized  below. 
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Summary  of  Unitary  ESPRIT 

1.  Compute  Ej  via  the  d'  “largest”  left  singular  vectors  of  [7?.e{Y},  Jm{Y}],  where  Y  = 

Q^X, 


2.  Compute  via  the  d  ^‘smallest”  right  singular  vectors  of  Z  =  [7?,e{G},  — 

[  V22  J 

where  G  =  (Q^-iJiQiv)Es. 

3.  Compute  w,-,  i  =  1, d,  as  the  eigenvalues  of  the  d  x  d  real-valued  matrix  — 

4.  Compute  the  spatial  frequency  estimates  cis  =  2tan~^(u;i),  i  — 


4  DFT  Beamspace  ESPRIT  for  ULA 


As  an  alternative  to  Unitary  ESPRIT,  we  here  develop  a  version  of  ESPRIT  for  a  ULA  that  works  in 
DFT  beamspace.  Similar  to  Unitary  ESPRIT,  and  in  contrast  to  the  Beamspace  ESPRIT  algorithm 
of  Xu  et  al  [16],  the  algorithm  to  be  developed,  referred  to  as  DFT  Beamspace  ESPRIT,  involves 
only  real- valued  computation  from  start  to  finish  after  the  initial  transformation  to  beamspace. 

Reduced  dimension  processing  in  beamspace  is  facilitated  when  one  has  a-priori  information  on 
the  general  angular  locations  of  the  signal  arrivals,  as  in  a  radar  application,  for  example.  In  this 
case,  one  may  only  apply  those  rows  of  the  DFT  matrix  that  form  beams  encompassing  the  sector 
of  interest,  thereby  yielding  reduced  computational  complexity.  If  there  is  no  a-priori  information, 
one  may  examine  the  DFT  spectrum  and  apply  the  algorithm  to  be  developed  to  a  small  set  of 
DFT  values  around  each  spectral  peak  above  a  particular  threshold.  In  a  more  general  setting,  one 
may  simply  apply  DFT  Beamspace  ESPRIT  via  parallel  processing  to  each  of  a  number  of  sets  of 
successive  DFT  values  corresponding  to  overlapped  sectors.  Note,  though,  that  in  the  development 
to  follow,  we  will  employ  all  N  DFT  beams  for  the  sake  of  notational  simplicity  and  so  that  we  can 
relate  DFT  Beamspace  ESPRIT  to  Unitary  ESPRIT. 

Applying  the  conjugate  centro-symmetrized  version  of  the  m  —  th  row  of  the  N  pt.  DFT  matrix 


:(  W-1  r 

=  e^\  2  1  ^  [1 , 


the  m  —  th  component  of  the  DFT  beamspace  manifold  is 


hM  =  =  —Jl 


sin  [f  (/i-mf) 


i 
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Note  that  we  can  perform  a  front  end  FFT  (effectively  implementing  the  Vandermonde  form  of  - 
the  rows  of  the  DFT  matrix)  and  achieve  conjugate  symmetrized  beamforming  a-posteriori  through 
simple  scaling  of  the  DFT  values  (see  (19)).  The  iV  x  1  real- valued  beamspace  manifold  is  then 

=  W^aAr(//)  =  [bo{iJ.)  .  ,  6iv-i(/i)]^ ,  (21) 

where  denotes  the  conjugate  centro-symmetrized  N  pt.  DFT  matrix  whose  rows  are  given  by 

(19)- 

Comparing  (/x)  =  ^  ^ith  6^(/x)  in  (20),  the  numerator  of  is  observed 

to  be  the  negative  of  that  of  bmi^ji).  Thus,  two  successive  components  of  the  beamspace  manifold 
are  related  cis 

sin  ^{l^~  9  ~ 

Trigonometric  manipulations  lead  to 

tan  |cos  +  cos  ^(m+1)— j  6m+i(/x)|  =  sin  &m(^)+sin  ^(m-f-1)— ^  6to+i(/x). 

(23) 

Compiling  all  iV  —  1  equations  in  vector  form  yields  an  invariance  relationship  for  the  beamspace 
manifold  similar  to  that  for  the  element  space  manifold: 

tan  (I)  T^h{fx)  =  T2h{fi)  (24) 

where 

1  cos  0  ...  0  0 

0  cos  (^)  cos  (^)  ...  0  0 

0  0  0  ...  cos  ((N-2)f )  cos  ((N-1);^) 

0  sin  0  ...  0  0 

0  sin(i)  sin(^)  ...  0  0 

0  0  0  ...  sm((N-2)$)  sm((N-l)^) 

With  d  sources,  the  beamspace  DOA  matrix  is  B  =  [b(/xi),  b(/X2))  •••?  t>(/^d)]-  The  beamspace 
manifold  relation  in  (24)  translates  into  the  beamspace  DOA  matrix  relation 

riBfi^  =  r2B,  where:  =  diag  |tan  ,  ...,tan  | .  (27) 
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Now,  the  appropriate  signal  eigenvectors  for  the  algorithm  presently  under  development  may  be 
computed  as  the  “largest”  left  singular  vectors  of  the  real-valued  matrix  W^[X,  n7vX*]M2iv,  = 
\/2[7^e{Y},  —  Jm{Y}],  where  Y  =  Wj^X.  Asymptotically,  the  N  x  d  matrix  of  signal  eigenvectors, 
Es,  satisfies  E5  =  BT,  where  T  is  an  unknown  dx  d  real-valued  matrix.  Substituting  B  =  E5T~^ 
into  (27)  yields 

FjEs^  =  r2Es,  where:  'J'  =  T“^f2^T.  (28) 

Thus,  the  eigenvalues  of  the  d  x  d  solution  to  the  [N  —  1)  x  d  matrix  equation  above  are 
tan(/ii/2),  i  =  The  algorithm  based  on  this  development,  DFT  Beamspace  ESPRIT,  is 

summarized  below. 

Summary  of  DFT  Beamspace  ESPRIT 

1.  Compute  Es  via  the  d  “largest”  left  singular  vectors  of  \R.e{Y'\,Xm{Y}\,  where  Y  = 

w^x. 

2.  Compute  as  the  solution  to  the  [N  —1)  x  d  matrix  equation  (FiEs)  ^  =  (F2E5). 

3.  Compute  uii,  i  =  1, ...,  d,  as  the  eigenvalues  of  the  d  x  d  real-valued  matrix 

4.  Compute  spatial  frequency  estimates  as  p,  =  2  tan~^(u;i),  i  =  1,  ...,d. 

4.1  Relationship  Between  Unitary  ESPRIT  and  DFT  Beamspace  ES¬ 
PRIT 

To  relate  Unitary  ESPRIT  and  DFT  Beamspace  ESPRIT,  consider  the  following  sequence  of  ma¬ 
nipulations: 

hN{p)  =  =  W^QA,Q^a^(/4)  =  W^Qy,fd^(/.).  (29) 

Substituting  (29)  into  (24),  we  find  that  dj^ip),  defined  in  (5),  satisfies  a  relation  similar  to  (24): 

tan  Tidiv(/i)  =  T2dN{p)  (30) 

where  Ti  and  T2  are  the  (iV  —  1)  x  d  real- valued  matrices 

Ti  =  FiWj^Q;v  and  Y2  =  F2W^Qiv.  (31) 

Thus,  the  second  stage  of  the  Unitary  ESPRIT  algorithm  summarized  at  the  end  of  Section  2 

could  be  alternatively  posed  as  finding  as  the  solution  to  the  {N  —  1)  x  d  matrix  equation 

r  V12  1 

(TiEs)’®^  =  T2E5.  Employing  the  TLS  method  of  solution,  one  would  compute  y  via  the 


11 


d  “smallest”  right  singular  vectors  of  the  real-valued  matrix  [T1E5,  T2E5]j  ^-nd  the  rest  of  the  • 
algorithm  would  be  the  same.  Note,  though,  that  Ti  and  T2  are  not  sparse  like  either  Ji  and  J2 
or  Fi  and  r2.  For  example,  for  =  4  elements, 

’13-1-1]  r -1  1  -1  -1 ■ 

Yi  =  -11  -1  -1  and  T2  =  -1  1  1  -3  . 

[  -1  1  1  1  J  [1-11-3. 

This  concurs  with  the  previous  assertion  that  because  there  is  no  physical  interpretation  of  the  rows 
of  in  terms  of  forming  beams  pointed  to  different  angles,  one  cannot  work  with  a  subset  of  the 
rows  of  Q^. 

Again,  the  utility  of  DFT  Beamspace  ESPRIT  over  Unitary  ESPRIT  is  in  scenarios  where  one 
employs  a  subset  of  the  rows  of  Wj^,  the  number  of  which  depends  on  the  width  of  the  sector 
of  interest  and  may  be  substantially  less  than  N,  to  transform  from  element  space  to  beamspace. 
Employing  the  appropriate  subblocks  of  Fi  and  F2  as  selection  matrices,  the  algorithm  is  the  same 
as  that  summarized  previously  except  for  the  reduced  dimensionality.  For  example,  if  one  employed 
three  successive  rows  of associated  with  the  DFT  bin  indices,  m,  m-fl,  and  m4-2,  respectively, 
to  form  three  beams  in  estimating  the  angles  of  two  closely-spaced  signal  arrivals,  as  in  the  low-angle 
radar  tracking  scheme  described  by  Zoltowski  and  Lee  [20] ,  the  appropriate  3x2  selection  matrices 
are 

[cos  (m^)  cos  0  1  ^  ^  [  sin  (m^)  sin  f(m-Hl)^|  0 

^  0  cos  ^(m-f-1);^  j  cos  ({m  -f  2)-^j  0  sin  ^(m-|-l);^j  sin  [(m  4-  2)- 

In  this  case,  one  would  compute  the  d  =  2  “largest”  eigenvectors  of  a  3  x  3  real- valued  matrix,  solve 
a  2  X  2  real- valued  system  of  equations,  and  compute  the  2  eigenvalues  of  the  resulting  2x2  matrix 
solution. 

4.2  Relationship  Between  DFT  Beamspace  ESPRIT  and  Beamspace 
ESPRIT 

In  [16],  Xu  etal  develop  a  beamspace  version  of  ESPRIT  that  is  applicable  whenever  the  Ni,  x  N 
beamforming  matrix,  F^,  exhibits  an  invariance  property  similar  to  that  exhibited  by  the  element 
space  DO  A  matrix  in  (8).  Here  Nb  denotes  the  number  of  beams.  That  is,  if  F  satisfies  JiF©  = 

J2F,  where  ©  is  an  Nb  x  Nb  diagonal  matrix,  then  Xu  et  al  provide  prescriptions  for  constructing 
(Nb  -  1)  X  Nb  matrices  Si  and  S2  satisfying  eJ'‘Sib(/i)  =  S2b(/i),  where  b(/i)  is  the  Nb  x  1 
beamspace  manifold  h{fi)  =  F^a(/z).  This  facilitates  the  use  of  ESPRIT  in  beamspace  ultimately 
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yielding  as  eigenvalues  the  quantities  i  =  1, d  as  in  standard  ESPRIT,  except  via  processing 
in  a  reduced  dimensional  space. 

Xu  etal  note  that  a  beamforming  matrix  composed  of  Ni,  rows  of  the  iV  pt.  DFT  matrix 
satisfies  a  relationship  of  the  form  JiF0  =  J2F  thereby  facilitating  the  use  of  Beamspace  ESPRIT. 
To  see  the  relationship  between  DFT  Beamspace  ESPRIT  and  Beamspace  ESPRIT,  substitute  the 
expression  for  tan(/i/2)  in  (18)  into  the  invariance  relationship  for  h{fj.)  in  (24).  This  yields,  after 
some  manipulation, 

(e-^'*  -  l)rib(/i)  =  j{e^^  +  l)r2b(/i).  =»  e-''‘(ri  -  jT2)h{p)  =  (Fi  +yT2)b(//). 

Thus,  in  the  case  where  F^  is  composed  of  conjugate  centre- symmetrized  rows  of  the  N  pt.  DFT 
matrix,  the  appropriate  matrices  Si  and  S2  required  in  the  execution  of  Beamspace  ESPRIT  are 
Si  =  ri-ir2  and  S2  =  S^.  For  this  case  then,  this  provides  an  alternative  method  for  constructing 
Si  and  S2  as  opposed  to  the  method  prescribed  by  Xu  et  al  in  [16]  which  involves  a  singular  value 
decomposition. 

Note,  though,  that  even  if  through  centro-symmetrization  one  determines  the  signal  eigenvectors 
via  real-valued  computation  as  discussed  previously,  the  second  and  third  stages  of  Beamspace 
ESPRIT  veqaiie  complex- valued  computation  ultimately  yielding  as  eigenvalues  e^^',  i  = 

Aside  from  the  increased  computation  complexity  relative  to  DFT  Beamspace  ESPRIT,  this  does 
not  facilitate  an  extension  for  the  URA  yielding  automatically  paired  azimuth  and  elevation  angle 
estimates. 

5  2D  Unitary  ESPRIT  for  URA 

We  now  .-develop  an  extension  of  Unitary  ESPRIT  (or  a  uniform  rectangular  array  (URA)  oi  N  x  M 
elements  lying  in  the  x-y  plane  and  equi-spaced  by  in  the  x  direction  and  Aj,  in  the  y  direction. 
In  addition  io  p  =  ~AxU,  where  u  is  the  direction  cosine  variable  relative  to  the  x-axis,  we  define 
the  spatial  frequency  variable  u  =  ^AyV,  where  v  is  the  direction  cosine  variable  relative  to  the 
y-axis. 

In  this  development,  in  addition  to  representing  the  array  manifold  as  an  NM  x  1  vector, 
denoted  a(^,  u),  it  will  be  convenient  to  represent  it  as  an  iV  x  M  matrix,  denoted  A{p,  v),  as  well. 
The  two  forms  are  related  through  the  operators  vec(-)  and  mat{-)  as  a.{p,v)  =  vec{A{p,v))  and 
A{p,v)  =  mat(a(/i,  2/)).  The  operator  vec(-)  maps  a,n  N  x  M  matrix  to  an  NM  x  1  vector  by 


13 


stacking  the  columns  of  the  matrix.  The  operator  rnat{-)  performs  the  inverse  mapping,  mapping 
an  NM  x  1  vector  into  &n  N  x  M  matrix  such  that  that  mat{vec{X))  =  X.  An  important  property 
of  the  vec  operator  that  will  prove  useful  throughout  the  development  is 

uec(ABC)  =  (C^  (8)  A)  uec(B),  (32) 

where  ®  denotes  the  Kronecker  matrix  product. 

In  matrix  form,  the  array  manifold  may  be  expressed  as 

A{ii,u)  =  (33) 

where  aA/(i/)  is  defined  by  (1)  with  N  replaced  by  M  and  /z  replaced  by  i/.  Recall  that  ayv(/z) 
satisfies  e^>^3iSLN{fJ-)  =  where  Ji  and  J2  are  the  (A^  -  1)  x  iV  selection  matrices  defined  in 

(9)  and  (10),  respectively.  It  follows  that  in  (33)  satisfies  the  invariance  relation 

e^>^JrA{fi,u)  =  32Aifi,u).  (34) 

Using  the  property  of  the  vec  operator  in  (32),  we  find  that  the  NM  x  1  array  manifold  in  vector 
form  satisfies 

J^ia(;U,  i/)  =  v)  (35) 

where  J^i  and  3^,2  are  the  {N  -  l)M  x  NM  selection  matrices: 

3 fii  —  0  Ji  and  3fj,2—  Ijw  <8)  32- 

This  represents  {N  -  1)M  equations  obtained  by  comparing  the  respective  phases  of  each  adjacent 
pair  of  elements  parallel  to  the  x-axis. 

Simil^ly,  to  set  up  the  invariance  relation  relative  to  the  j/-axis,  observe  that 

e-'"  A{fi,  z/)jJ  =  A{(i,  u)3j,  (37) 

where  the  {M  -1)  xM  matrices  J3  and  J4  select  the  first  and  last  M  -1  components  of  an  M  x  1 
vector,  respectively,  such  that  e-^''J3aM(iv)  =  J4a;\^(i').  J3  and  J4  are  defined  similar  to  (9)  and 

(10) ,  except  that  they  are  {M  -  1)  x  M.  Using  the  property  of  the  vec  operator  in  (32),  we  find 
that  the  NM  x  1  array  manifold  in  vector  form  satisfies  the  following  invariance  with  respect  to  u: 

e’''  J^ia(/z,  v)  =  J^2a(/z,  v),  (38) 
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where  J^i  and  J^2  are  the  N{M  -  1)  x  NM  selection  matrices: 


J»/i  =  J3  <S)  Ijv  and  3^2  =  J4  ®  In-  (39) 

This  represents  all  possible  N{M  —  1)  equations  obtained  by  comparing  the  respective  phases  of 
each  adjacent  pair  of  elements  parallel  to  the  y-axis. 

Since  aiv(/^)  and  are  both  conjugate  centro-symmetric,  =  •/4*(/x,  i/).  Ap¬ 

plying  the  vec  operator  to  both  sides  of  this  relation  and  using  the  property  in  (32),  we  obtain 
(IIm  ®  n]v)a(/f,  I/)  =  a*(/i,  u).  Recognizing  that  IIm  0  IIv  =  Unm,  it  follows  that  a(/i,  v)  is  con¬ 
jugate  centro-symmetric.  We  may  thus  pre-multiply  by  the  sparse  unitary  matrix  Qmw  to  obtain 
the  NM  X  1  real-valued  manifold 

d{n,v)  =  (40) 

Let  X  be  an  NM  x  Ns  matrix  composed  of  Ns  snapshots  of  data  as  columns.  Viewing  the 
array  output  at  a  given  snapshot  as  a  matrix,  we  effectively  apply  the  vec  operator  to  form  an 
NM  X  1  vector  and  place  it  as  a  column  of  X.  Similar  to  the  ID  case,  the  NM  x  d  matrix  of 
signal  eigenvectors,  E5,  may  be  computed  as  the  “largest”  left  singular  vectors  of  the  real-valued 
matrix  Q^^[X,nwMX*]M2iv,  =  ^/2[7^e{Y},-Jm{Y}],  where  Y  =  Q^^X.  Asymptotically, 
Es,  is  related  to  the  real-valued  NM  x  d  DOA  matrix,  D  =  [d(jUi,z/i),d()U2,i'2),—,d(/id,  J'd)])  as 
Es  =  DT,  where  T  is  an  unknown  d  x  d  real-valued  matrix.  Since  Qjv;v^  unitary,  it  follows  that 
asymptotically 

QiVAfEs  =  AT,  (41) 

where  A  =  [a(/ii,  i/i),  a(/Z2, 1^2),  •••>  a(/x<i,  I'd)],  the  NM  x  d  complex-valued  element  space  DOA  ma¬ 
trix.  From  (35),  it  follows  that 

J^iA$^=J^2A,  where:  =  diagle-’^S  ...,  (42) 

Substituting  A  =  QjvmEsT"^  into  (42)  yields  the  relation 

(JmiQjva/Es) =  J;t2QiVMEs,  where:  =  T  (43) 

Continuing  the  development  similar  to  the  ID  case,  note  that  J^i  and  J^2  satisfy  a  property 
similar  to  (11):  n(iv-i)MJM2niVM  =  J/xi-  Invoking  this  relationship  and  the  property  UnmI^nm  = 
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Q]vm5  have  II{iv-i)MJM2Qwiw  h^^nm'^nmQiNM  — JmiQwm'  Since  E5  is  real- valued, 

it  follows  that  the  system  of  equations  in  (43)  may  be  expressed  as 

=  n(/v-i)MC*i,  where:  =  J;,iQ;va/E5.  (44) 

Let  be  the  2dxd  matrix  containing  the  “smallest”  right^  singular  vectors  of  the  real- valued 

[  U22  J 

matrix 

=  Q5,.i)M[CMi:n(;v-i)Mc;i]M2<i  (45) 

=  \/2[Jle{G^}\ -lTn{G^}\,  where:  =  (Q(^.i);vrJMiQ^M)Es. 

It  follows  from  previous  developments  that  the  dxd  real- valued  matrix  — Ui2U22^  m^’y  be  spectrally 
decomposed  as 

-  U12U22'  =  where:  =  diag  |tan  tan  }  .  (46) 

A  similar  development  relative  to  estimating  i  =  ultimately  yields  the  following 

result.  Let  denote  the  2dxd  matrix  containing  the  “smallest”  right  singular  vectors  of  the 

[  V22- 

real-valued  matrix 

Zi/  =  Q^(A/-i)[^‘^i‘EI(w-i)MGj,i]M2(i  (47) 

=  -\/2[7?.e{G^}:  -  Jm{G„}],  where:  G,,  =  (Q^(;i^-i)J^iQ;vM)Es 

and  C,,!  =  J„iQ;vwEs.  The  dxd  real-valued  matrix  -Vi2Vj2^  may  be  spectrally  decomposed  as 

-  Vi2V22^  =  where;  =  diag  jtan  tan  | .  (48) 

NoWj  to  achieve  automatic  pairing  of  fi  and  i/  spatial  frequencies,  the  following  critical  observa¬ 
tions  are  made.  First,  the  d  x  d  matrix  of  eigenvectors  T  in  the  spectral  decomposition  of  — Ui2U22^ 
in  (46)  is  the  same  as  that  appearing  in  the  spectral  decomposition  of  ““Vi2V22^  in  (48).  Second,  this 
is  the  same  real- valued  matrix  T  appearing  in  (41)  which  is  unique  as  long  as  no  two  sources  have 
exactly  the  same  azimuth  and  elevation  angles.  Finally,  — Ui2U22^  s-nd  —  Vi2V22^  are  real- valued, 
as  are  the  diagonal  matrices  and  Cl„.  These  observations  lead  to  the  main  result,  namely 

-  Ui2U2t  +i(-Vi2V2-2')  =  T-i  {n,+jn,}T.  (49) 

®We  depart  from  the  convention  of  using  U  to  denote  the  matrix  of  left  singular  vectors  here  since  the  right 

singular  vectors  of  are  associated  with  the  estimation  of  u,',  i  —  1,  V  is  used  to  denote  the  matrix  of  right 
singular  vectors  of  since  these  are  eissociated  with  the  estimation  of  w,-,  i  —  1, ...,  d. 
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Thus,  the  eigenvalues  of  — Ui2U22^  +  j(~'^i2'V’22^)  are  tan(/ii/2)  +  j  tan(t/i72),  i  =  The 

algorithm  based  on  this  development  is  referred  to  as  2D  Unitary  ESPRIT  and  is  summarized 
below. 


Summary  of  2D  Unitary  ESPRIT 


1.  Compute  E,  via  the  d  “largest”  left  singular  vectors  of  [7^e{Y},  Jm{Y}],  where  Y  = 

2.  Compute  via  the  d  “smallest”  right  singular  vectors  of 

[  U22  J 

=  [1Ze{Gf,},  -Im{G^}],  where 


3.  Compute 
where 


Vx2 

V22 


via  the  d  “smallest”  right  singular  vectors  of  Z^,  =  [7?.e{G,^},  —  Jm{Gi,}], 


4.  Compute  A,-,  i  =  as  the  eigenvalues  of  the  d  x  d  matrix  — Ui2U22^  +;(— Vi2V22^). 

5.  Compute  spatial  frequency  estimates:  =  2  tan'^^^i-^*'}))  =  2tan~^(Jm{A,}),  i  — 


Note  that  the  maximum  number  of  sources  2D  Unitary  ESPRIT  can  handle  is  minimum{M(fV— 
l),iV(M  —  1)},  cissuming  that  at  least  d  +  1  snapshots  are  available.  If  only  a  single  snapshot  is 
available,  one  can  extract  d  +  1  or  more  identical  rectangular  subarrays  out  of  the  overall  array  to 
get  the  effect  of  multiple  snapshots,  thereby  decreasing  the  maximum  number  of  sources  that  can 
be  handled. 


5.1  2D  Unitary  ESPRIT  vs.  ACMP 

Note  that  2D  Unitary  ESPRIT  provides  closed-form,  automatically  paired  2D  angle  estimates  as 
long  as  the  spatial  frequency  coordinate  pairs  (/f,-,  Ui),  i  —  1, ...,  d,  are  distinct.  That  is,  no  additional 
effort  is  needed  if  a  pair  or  more  of  sources  have  the  same  Hi  or  z/j.  This  is  in  contrast  to  the 
Algebraically  Coupled  Matrix  Pencil  {ACMP)  method  of  van  der  Veen  et  al  which  also  provides 
closed-form,  automatically  paired  2D  angle  estimates  but  breaks  down  if  two  sources  have  either 
the  same  fi  ox  u  spatial  frequency  coordinate.  Note  that  in  order  to  avoid  the  same  problem  as 
ACMP  in  this  regard,  one  must  solve  the  complex  eigenvalue  problem  signified  by  (49).  If  one 
attempts  to  compute  the  real  eigenvalues  of  —^^12^22  alone,  for  example,  there  is  a  degeneracy  in 
the  eigenvectors  when  two  sources  have  the  same  fj,  spatial  frequency  coordinate  thereby  precluding 
the  ability  to  determine  T. 
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Note  that  Vanpoucke  et  al  propose  a  form  of  subarray  averaging  to  overcome  the  problem  of 
ACMP  occurring  when  two  sources  have  either  the  same  fj,  ox  u  spatial  frequency  coordinate,  but 
this  decreases  the  maximum  number  of  sources  that  can  be  handled  and  increases  the  computational 
complexity  significantly. 

Note  that  ACMP  requires  an  array  of  sensor  triplets  so  that  one  can  extract  three  identical 
subarrays  from  the  overall  array.  2D  Unitary  ESPRIT  only  requires  that  the  array  exhibit  invari¬ 
ances  in  two  distinct  directions,  as  would  be  the  case  with  two  uniform  linear  arrays  (ULA’s),  for 
example.  In  Section  7,  we  show  how  2D  Unitary  ESPRIT  may  be  simply  adapted  for  the  case  of 
two  orthogonal  ULA’s  having  a  common  phase  center.  ACMP  is  not  applicable  with  such  an  array 
geometry.  Another  advantage  of  2D  Unitary  ESPRIT  over  ACMP  is  that  2D  Unitary  ESPRIT  is 
efficiently  formulated  in  terms  of  real- valued  computations,  except  for  the  final  d  x  d  eigenvalue 
decomposition,  while  ACMP  requires  complex- valued  computations  throughout. 


6  2D  DFT  Beamspace  ESPRIT  for  URA 


With  2D  DFT  beamforming  (and  attendant  conjugate  centro-symmetrization  through  simple  scal¬ 
ing),  the  components  of  the  beamspace  array  manifold  are  separable  real- valued  patterns  of  the 
form 


sin  [f 

(m 

-mf); 

sin 

'M 
.  2 

sin  [i 

sin 

11  (''-’•v)) 

(50) 


Note  that  the  matrix  form  of  the  beamspace  manifold,  denoted  B(/f,  is  related  to  the  matrix  form 
of  the  array  manifold  via  a  2D  DFT  as  B{n,  v)  =  where  denotes  the  conjugate 

centre- symmetrized  N  pt.  DFT  matrix  whose  rows  are  given  by  (19)  and  is  defined  similarly 
with  N  replaced  by  M.  Substituting  the  form  of  ^(/i,  z/)  in  (33)  into  B(/i,  i/)  = 
yields 

5(/z,i/)  =  biv(/z)b^(z/),  (51) 

where  bjv(i(i)  is  defined  in  (21)  and  bM(j^)  is  defined  similarly  with  N  replaced  by  M  and  y  replaced 
by  u.  Given  that  hN{y)  satisfies  the  invariance  relationship  in  (24),  it  follows  that  B{y,  u)  satisfies 


tan(0  T^B{y,u)  =  r2B{y,u). 


(52) 
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where  Fi  and  r2  are  defined  in  (25)  and  (26).  Using  the  property  of  the  vec  operator  in  (32),  we 
find  that  the  NM  x  1  beamspace  manifold  in  vector  form,  =  vec[B{iJ,,i>)],  satisfies 

tan  r^ib(/i,i/)  =  r^2b(^,i/),  (53) 

where  F^i  and  r^2  are  the  {N  —  l)M  x  NM  matrices: 

F^i  =  Ijvf  Fi  and  Ffj2  —  Im  ®  F2-  (^4) 

(53)  represents  (iV  -  1)M  equations  obtained  by  comparing  each  pair  of  adjacent  beams  having  the 
same  fi  pointing  angle  coordinate. 

Similarly,  the  ID  beamspace  manifold  bM(^')  satisfies  tan(z//2)  F3bAf(z/)  =  F4bjw(t'),  where  F3 
and  F4  are  defined  similar  to  (25)  and  (26)  with  N  replaced  by  M  such  that  they  are  (M  -  1)  x  M. 
It  follows  that 

t^(£j  =  (55) 

Again,  using  the  vec  operator,  we  find  that  b(^,  i/)  satisfies 

tan  (^0  F,,ib(//,r')  =  F,,2b(/i,i/),  (56) 

where  F,,i  and  F„2  are  the  N{M  —  1)  x  NM  matrices: 

F„i  =  F3<8)Iiv  and  F,/2  =  F4  0liv.  (57) 

(56)  represents  N{M  —  1)  equations  obtained  by  comparing  each  pair  of  adjacent  beams  having  the 
same  z/  pointing  angle  coordinate. 

Consider  the  NM  x  d  real-valued  beamspace  DOA  matrix  B  =  [b(/zi,  i^i), ...,  b(/Z(i,  z/d)].  (53) 
dictates -that  B  satisfies 

F^iBf2^  =  F^2B  (58) 

where  is  defined  in  (46).  In  turn,  (56)  dictates  that  B  satisfies 

F.iBfi,  =  F.2B  (59) 


where  is  defined  in  (48). 

Now,  viewing  the  array  output  at  a  given  snapshot  as  an  iV  x  M  matrix,  we  compute  a  2D 
DFT,  apply  the  vec  operator,  and  place  the  resulting  NM  x  1  vector  as  a  column  of  an  NM  x  Ns 
data  matrix  Y.  Recall  that  X  denotes  the  NM  x  Ns  data  matrix  prior  to  the  2D  DFT.  Using 
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the  vec  operator,  the  relationship  between  Y  and  X  may  be  expressed  as  Y  =  (W^  (g)  W^)X. 
The  appropriate  NM  x  d  matrix  of  signal  eigenvectors,  E5,  for  the  algorithm  presently  under 
development  may  be  computed  as  the  d  “largest”  left  singular  vectors  of  the  real-valued  matrix 
[7^e{Y},I’7n{Y}].  Asymptotically,  Es  =  BT,  where  T  is  an  unknown  d  x  d  real-valued  matrix. 
Substituting  B  =  EsT“^  into  (58)  and  (59)  yields  the  signal  eigenvector  relations 


r^iEs’^M  =  r^2Es  where: 

=  T-'O^T 

(60) 

r^iEs^,/  =  r,,2Es  where: 

(61) 

As  in  the  extension  of  Unitary  ESPRIT  for  a  URA,  automatic  pairing  of  /i  and  u  spatial  frequency 
estimates  is  facilitated  by  the  fact  that  all  of  the  quantities  in  (60)  and  (61)  are  real-valued.  Thus, 
may  be  spectrally  decomposed  as 

=  T-i  -b  jfi.}  T  (62) 

The  algorithm  based  on  this  development,  2D  DFT  Beamspace  ESPRIT,  is  summarized  below. 

Summary  of  2D  PET  Beamspace  ESPRIT 

1.  Compute  a  2D  DFT  of  the  N  x  M  matrix  of  array  outputs  at  each  snapshot  (scale  for 
conjugate  centro-symmetrization),  apply  the  vec  operator,  and  place  the  result  as  a  column 
of  Y. 

2.  Compute  E*  via  the  d  “largest”  left  singular  vectors  of  \Re{Y],lm{YY\. 

3.  Compute  as  the  solution  to  the  {N  -  l)M  x  d  matrix  equation  =  r^2Es. 

4.  Compute  as  the  solution  to  the  N{M  —  1)  x  d  matrix  equation  r^i  Es^i/  =  rt,2Es. 

5.  Compute  A,-,  i  =  1, ...,  d,  as  the  eigenvalues  of  the  d  x  d  matrix  -f  J^i/. 

6.  Compute  spatial  frequency  estimates:  pi  =  2tan“^(7?.e{A,}),  z/,-  =  2 tan~^(Jm{A,}),  i  — 

6.1  Reduced  Dimension  Example 

As  in  the  ID  case,  the  utility  of  2D  DFT  Beamspace  ESPRIT  over  2D  Unitary  ESPRIT  is  in 
scenarios  where  one  works  with  a  subset  of  2D  DFT  beams  that  encompass  some  volume  of  space 
of  interest.  In  fact,  the  ability  to  work  in  a  reduced  dimension  beamspace  is  even  of  more  value  in 
the  case  of  a  URA  since  the  total  number  of  elements  may  be  quite  high.  As  an  example,  consider 
a  scenario,  similar  to  the  low-angle  radar  tracking  problem,  in  which  we  desire  to  estimate  the 
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respective  azimuth  and  elevation  angles  of  each  of  two  closely- spaced  sources.  To  this  end,  we  form 
four  2D  DFT  beams  steered  to  the  spatial  frequency  coordinate  pairs  (m^,n^),  ((m-f- 
(m^,  (n  +  1)^),  and  ((m  -h  1)^,  (n  -|- 1)^),  respectively,  as  depicted  in  Figure  3.  Recalling  that 
the  components  of  the  beamspace  manifold  have  the  form  in  (50),  the  4x1  beamspace  manifold 
for  this  case  is 

b(/Z,  u)  —  [6ni,n(/^)  1  5m-t-l,n(/^i  j  ■  (63) 


In  this  case,  Es  is  4  x  2  and  may  be  constructed  from  the  two  “largest”  eigenvectors  of  the  real 
part  of  the  4x4  matrix  formed  from  the  inter-beam  correlations.  The  2x2  matrices  and 
^1,  would  be  computed  as  the  corresponding  solutions  to  the  4x2  respective  matrix  equations 
=  r^2Es  and  =  F^2Es,  where 

'*^0  0  cos  (mjj^  cos  (|(m-t-l);^) 

_  sin(m^)  sin((m+l)^)  0  0 

'"^0  0  sin  sin  ((m-H);^) 

p  ^  0  cos((n+l)§)  0 

0  cos  (n-^)  0  cos  {in+l)-§)  _ 

[  0  sin  (nfj)  0  sin  ((n-t-l)§) 

In  the  final  stage  of  the  algorithm,  tan(/ii/2)  •+  j  tan(z/,72),  i  =  1,2,  would  be  computed  as  the 
eigenvalues  of  a  2  x  2  matrix. 


6.2  Comparison  with  UCA-ESPRIT 

As  discussed  in  Section  1,  UCA-ESPRIT  [7,  8]  is  a  recently  developed  closed-form  2D  angle  esti¬ 
mation  scheme  for  a  uniform  circular  array  (UCA).  As  indicated  in  Figure  2,  in  the  final  stage  of 
UCA-ESPRIT,  the  i-th  eigenvalue  of  a  matrix  has  the  form  u,  -|-  jvi,  where  and  Vi  are  the  direc¬ 
tion  cosines  of  the  i-th  source  relative  to  the  x  and  y  axes,  respectively,  assuming  the  UCA  to  lie  in 
the  x-y  plane.  This  is  in  contrast  to  2D  DFT  Beamspace  ESPRIT  where  there  is  spatial  frequency 
warping  such  that  the  final  eigenvalues  are  of  the  form  tan(/fj/2)+i  tan(r/,72),  i  =  1, ...,  d.  A  notable 
difference  between  the  development  of  UCA-ESPRIT  and  that  of  2D  DFT  Beamspace  ESPRIT  is 
that  in  the  former  the  sampled  aperture  pattern  was  assumed  to  be  approximately  equal  to  the 
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continuous  aperture  pattern  [7,  8],  while  no  such  approximation  was  made  in  the  latter  case.  We 
here  briefly  show  that  if  a  similar  approximation  is  made  in  the  development  of  2D  DFT  Beamspace 
ESPRIT,  the  final  eigenvalues  yielded  by  the  resulting  approximate  2D  DFT  Beamspace  ESPRIT 
algorithm  are  identical  in  form  to  those  yielded  by  UCA-ESPRIT. 

Aside  from  averting  spatial  frequency  warping,  this  form  of  the  eigenvalue  has  a  nice  geometrical 
interpretation  in  that  it  may  be  expressed  as  +  jvi  =  sin  &i  e^'^' ,  where  (j)i  and  0i  are  the  azimuth 
and  elevation  angles  of  the  i-th  source,  respectively.  This  is  illustrated  in  Figure  2.  9i  varies  between 
0°  and  90°  so  that  sin^,-  varies  between  0  and  1,  while  (j>i  varies  between  0°  and  360°.  Thus,  one  can 
immediately  glean  the  azimuth  angle  of  the  i-th  source  from  the  polar  angle  of  the  i-th  eigenvalue. 
The  corresponding  elevation  angle  is  the  arcsine  of  the  magnitude  of  the  i-th  eigenvalue.  If  the 
eigenvalue  is  at  the  origin,  the  source  is  at  boresite.  If  the  eigenvalue  is  on  the  unit  circle,  the 
source  is  in  the  same  plane  as  the  array.  Also,  we  may  use  the  fact  that  an  eigenvalue  should  be 
located  on  or  within  the  unit  circle  to  screen  out  false  alarms. 

Assume  the  interelement  spacing  in  either  direction  to  be  less  than  or  equal  to  a  half-wavelength. 

•  1  1  1  I  /■  \  sinf-Yft'-'’ 

In  this  case,  in  the  vicinity  of  the  mainlobe  and  first  few  sidelobes,  bm,n{A,  ^ 


Substituting  p  =  and  u  =  ^AyV,  define 


_  [f  -  "*?)]  sin  [f  (t^v”  -  ”g) 


5  (tA.-  - 


1  (  ilA  V  -  n  — 

2  I  A 


This  is  the  far  field  pattern  that  would  result  with  a  continuous  rectangular  aperture  of  dimension 
NAx  by  MAy.  The  superscript  a  denotes  approximate  pattern.  Similar  to  the  development  for  the 
sampled  aperture  pattern,  observe  that  b^^^{u,v)  and  ^>TO+i,n(^) '^)  related  as 

-  my  ^  v)  +  -{m  +  l)y )  (^5) 

which  may  be  rearranged  as 

U  {bl,r.{u,v)  +  =  j^Jmb^^Ju,v)  +  (m  -f  l)6^+i,„(u,  u)}-  (66) 

Similarly,  and  are  related  as 


27r  .  27r 


which  may  be  rearranged  as 
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For  the  sake  of  brevity,  consider  again  the  case  of  four  2D  DFT  beams  to  estimate  the  respective 
azimuth  and  elevation  angles  of  each  of  two  closely-spaced  sources.  In  this  case,  the  4x1  beamspace 
manifold  is  b“(u,t;)  =  Given  the  relations 

above,  it  is  readily  deduced  that  ur“ib“(u,u)  =  r“2b“(rt,u)  and  ?;r“ib“(u,u)  =  r“2b“(u,u),  where 

1  ^  °  °  1  and  r“  =  —  [  ""  °  ° 

“  0  0  1  1  0  0m  (mH-1) 


10  10 
0  10  1 


and 
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m 

(m-f-1)  0 

■  NA,  _ 

0 

U  m 
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(n+l) 

^  v2 

~  M  Ay 
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(n+1)  ■ 


Asymptotically,  the  4x2  real- valued  matrix  of  signal  eigenvectors,  Es,  satisfies  Es  =  BT,  where 
B  =  [b(ui,  ui),  b(u2,  U2)]  and  T  is  an  unknown  2x2  real-valued  matrix.  Expediting  the  development, 
it  follows  that  r“iEs^u  =  r“2Es,  where  and  =  diag{ui,U2}.  Also,  r^^Es’^'u  = 

r^jEs,  where  and  =  diag{ui,U2}-  Thus,  Ui  -t-;ui  and  U2  +  jv2  are  the  two 

eigenvalues  of  4-  j 

The  point  is  that  with  d  <  A/2  the  sampled  aperture  pattern  is  very  well  approximated  by  the 
continuous  aperture  pattern  in  the  vicinity  of  the  mainlobe  and  first  few  sidelobes.  Thus,  if  only  a 
relatively  small  number  of  beams  is  selected,  the  modified  version  of  2D  DFT  Beamspace  ESPRIT 
sketched  above  yields  the  direction  cosines  directly  without  spatial  warping. 

7  2D  DFT  Beamspace  ESPRIT  for  Cross  Array 

Consider  an  array  composed  of  an  N  element  ULA  aligned  with  the  x-axis  and  an  M  element  ULA 
aligned  with  the  y-axis.  The  center  of  each  leg  is  assumed  to  be  at  the  origin  so  that  they  have 
a  common  phase  center.  To  ease  the  development  and  for  the  saJ<e  of  notational  simplicity,  we 
will  assume  M  and  N  are  both  even  so  that  the  two  legs  do  not  share  a  common  element  at  the 
origin.  However,  with  slight  modification,  the  adaptation  of  2D  DFT  Beamspace  ESPRIT  for  a 
cross  axray  developed  subsequently  may  also  be  employed  when  M  and/or  N  are  odd.  Also,  due  to 
space  limitations,  we  here  only  present  the  appropriate  adaptation  of  2D  DFT  Beamspace  ESPRIT. 
2D  Unitary  ESPRIT  may  also  be  suitably  adapted  but  would  require  a  slightly  more  complicated 
development. 

Let  x{i)  and  y{t)  be  the  N  x  1  and  M  x  1  snapshot  vectors  output  by  the  two  respective  legs 
at  time  £.  The  (iV  -f  M)  x  1  composite  snapshot  vector  is  formed  as  z{i)  =  •  These  are 
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stacked  as  the  columns  of  an  (jY  +  M)  x  matrix  Z.  The  array  manifold  for  such  an  array  is 

=  [  emW  ]  ’ 

where  a.N{fi)  and  SiM{v)  are  each  conjugate  centro-symmetric  as  defined  previously.  Note  that  it 
is  only  because  the  two  legs  have  a  common  phase  center  that  we  are  able  to  express  the  array 
manifold  in  this  form.  If  this  is  not  the  case,  as  with  an  L-shaped  array,  for  example,  either  the 
upper  IV  X  1  or  lower  M  x  1  block  of  a(/i,  v)  would  not  be  conjugate  centro-symmetric  and  it  would 
not  be  possible  to  convert  a(/r,  u)  to  a  real- valued  manifold  through  a  simple  matrix  transformation. 
Transformation  to  beamspace  is  accomplished  via 


F  = 


Wjv  O 
O  Wm  .  ■ 


(70) 


The  beamspace  manifold  is 

=  ,  (71) 

where  bjv(/i)  and  bA/(i/)  are  as  defined  previously.  In  practice,  transformation  to  beamspace  is 
accomplished  via  an  N  pt.  DFT  of  the  x-axis  leg  and  an  M  pt.  DFT  of  the  y-axis  leg,  with 
a-posteriori  conjugate  centro-symmetrization  via  simple  scaling  of  each  DFT  value. 

Let  Es  be  the  {N  +  M)  x  d  matrix  of  signal  eigenvectors  computed  as  the  d  “largest”  left  sin¬ 
gular  vectors  of  [7^e{H},  Jm{H}],  where  H  =  F^Z.  (Alternatively,  Es  may  be  determined  as  the  d 
’’largest”  eigenvectors  of  7le{F^ZZ^F}.)  Asymptotically,  Es  =  BT,  where  B  = 
and  T  is  an  unknown  d  x  d  real-valued  matrix.  Define  the  following  matrices: 


=  [T^  :  }n-i  and  A^2  =  [I^  :  .^]  (72) 

fsj  M  j\f  M 

A^i  =  [^  ;  Jiy  }m.i  and  A,2  =  [^  i  ^  }m-i  (73) 

N  M  ^  JW 

where  Fa  and  r4  are  defined  similar  to  (25)  and  (26)  with  N  replaced  by  M.  The  following  signal 
eigenvector  relations  follow  quite  readily  from  previous  developments: 

A^iEs^^  =  A^2Es  where:  (74) 


A,,iEs^,/  =  A,,2Es  where:  =  T  (75) 

As  with  2D  DFT  Beamspace  ESPRIT,  automatic  pairing  of  p  and  r/  spatial  frequency  estimates  is 
facilitated  by  the  fact  that  all  of  the  quantities  in  (74)  and  (75)  are  real-valued.  Thus,  -f 
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may  be  spectrally  decomposed  as 


+  =  (76) 

The  algorithm  based  on  these  observations  is  similar  in  form  to  £D  DFT  Beamspace  ESPRIT  for  a 
URA. 


8  Simulations 


Simulations  were  conducted  employing  an  8  x  8  URA  (i.  e.  ,  iV  =  M  =  8)  with  A^:  =  Ay  =  A/2.  The 
source  scenario  consisted  of  d  =  3  equi-powered,  uncorrelated  sources  located  at  (ui,Ui)  =  (0,0), 
{u2^V2)  =  (1/8,0),  and  (u3,U3)  =  (0, 1/8),  where  Ui  and  Vi  are  the  direction  cosines  of  the  i-th  source 
relative  to  the  x  and  y  axes,  respectively.  Sources  1  and  2  were  separated  by  a  half-beamwidth, 
i.  e.,  half  the  Rayleigh  resolution  limit,  as  were  sources  2  and  3.  Sources  1  and  2  have  the  same  v 
coordinate,  while  sources  2  and  3  have  the  same  u  coordinate.  If  the  ACMP  algorithm  of  van  der 
Veen  et  al  was  applied  in  this  scenario,  it  would  provide  a  faulty  estimate  of  the  number  of  sources 
as  well  as  faulty  source  direction  estimates. 

A  given  trial  run  at  a  given  SNR  level  (per  source  per  element)  involved  Ns  =  64  snapshots. 
The  noise  was  i.i.d,  from  element  to  element  and  from  snapshot  to  snapshot.  RMS  error  defined  as 


RMSEi  =  yjE{(ui-Ui)‘^]-\-E{(vi-vif} ,  i  =  1, 2, 3,  (77) 

was  employed  as  the  performance  metric.  Let  (ui^ ,  )  denote  the  coordinate  estimates  of  the  i-th 

source  obtained  from  a  particular  algorithm  at  the  k-th  run.  Sample  performance  statistics  were 
computed  from  K  =  500  independent  trials  as 


RMSEi 


(78) 


fc=l 


The  bia.s  of  2D  Unitary  ESPRIT  for  Ng  =  64  snapshots  over  the  range  of  SNR’s  simulated  was 
found  to  be  negligible,  as  was  the  bias  of  2D  DFT  Beamspace  ESPRIT.  This  facilitated  comparison 
with  the  Cramer  Rao  Lower  Bound  (CRLB).  The  performance  of  2D  Unitary  ESPRIT  relative  to 
2D  MUSIC  was  also  compared,  as  was  the  relative  performance  of  2D  DFT  Beamspace  ESPRIT. 
The  CRLB  and  the  theoretically  predicted  performance  of  2D  MUSIC  were  computed  according 
to  formulas  provided  in  [8]  and  are  plotted  in  Figures  4(a),  4(b),  and  4(c)  for  sources  1,  2,  and  3, 
respectively. 
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Note  that  2D  MUSIC  essentially  achieved  the  CRLB  over  the  range  of  SNR’s  simulated  so  that 
its  theoretically  predicted  RMSE  curve  is  coincident  with  the  CRLB  curve.  Of  course,  2D  MUSIC 
requires  the  localization  of  3  peaks  of  a  2D  spectrum.  In  element  space,  determining  the  value  of 
the  2D  MUSIC  spectrum  at  a  given  point  involves  the  calculation  of  an  inner  product  of  the  form 
where  P-^  is  64  x  64.  This  kind  of  calculation  has  to  be  done  repeatedly  in 
performing  a  localized  Newton- Raphson  search  around  each  spectral  peak. 

The  respective  RMSE’s  of  2D  Unitary  ESPRIT  and  2D  DFT  Beamspace  ESPRIT  for  sources  1, 
2,  and  3  are  plotted  in  Figures  4(a),  4(b),  and  4(c),  respectively.  In  accordance  with  the  summary 
of  2D  Unitary  ESPRIT  at  the  end  of  Section  3.0,  the  computations  required  for  a  single  run  were: 
(i)  64  additions  per  each  of  64  snapshots  to  transform  from  complex-valued  space  to  real-valued 
space,  (ii)  calculation  of  the  3  “largest”  left  singular  vectors  of  a  64  x  128  real-valued  matrix,  (iii) 
calculation  of  the  solution  to  two  systems  of  equations  of  the  form  AX  =  B  where  A  and  B  are 
both  64  X  3  and  real- valued,  and  (iv)  calculation  of  the  eigenvalues  of  a  3  x  3  complex- valued  matrix. 
The  performance  of  2D  Unitary  ESPRIT  is  observed  to  be  very  close  to  the  CRLB  for  SNR  s  greater 
than  or  equal  to  -6  dB,  although  it  does  not  achieve  the  CRLB  even  at  the  rather  high  SNR  level  of 
12  dB.  (Keep  in  mind  that  there  are  64  elements  and  that  the  SNR  is  that  per  element.)  Observe 
that  on  a  logarithmic  scale,  the  small  gap  between  the  performance  of  2D  Unitary  ESPRIT  and 
the  CRLB  is  fairly  constant  as  a  function  of  SNR  for  SNR’s  above  -6  dB. 

To  demonstrate  the  efficacy  of  working  in  a  reduced  dimension  beamspace,  2D  DFT  Beamspace 
ESPRIT  employed  a  3  x  3  set  of  9  beams  with  mainlobes  rectangularly  spaced  in  the  u-v  plane  and 
centered  at  (tt,  v)  =  (0, 0).  In  accordance  with  the  summary  of  2D  DFT  Beamspace  ESPRIT  at  the 
end  of  Section  4.0,  the  computations  required  for  a  single  run  were:  (i)  9  sets  of  64  multiplications 
and  63  additions  for  each  of  64  snapshots  to  transform  from  element  space  to  beamspace,  (ii) 
calculation  of  the  3  “largest”  left  singular  vectors  of  a  9  x  128  real-valued  matrix,  (iii)  calculation 
of  the  solution  to  two  systems  of  equations  of  the  form  AX  =  B  where  A  and  B  are  both  9x3 
and  real-valued,  and  (iv)  calculation  of  the  eigenvalues  of  a  3  x  3  complex-valued  matrix.  A  scatter 
plot  of  the  3  eigenvalues  obtained  from  2D  DFT  Beamspace  ESPRIT  for  each  of  200  independent 
runs  at  an  SNR  of  3  dB  is  displayed  in  Figure  4(d).  For  SNR’s  greater  than  or  equal  to  -6  dB, 
the  performance  of  2D  DFT  Beamspace  ESPRIT  is  observed  to  be  only  slightly  worse  than  that  of 
2D  Unitary  ESPRIT  despite  the  dramatic  reduction  in  computational  complexity.  Similar  to  2D 
Unitary  ESPRIT,  the  gap  between  the  performance  of  2D  DFT  Beamspace  ESPRIT  and  the  CRLB 
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is  fairly  constant  as  a  function  of  SNR  over  the  range  of  SNR’s  simulated. 

An  interesting  observation  is  that  for  SNR’s  lower  than  -9  dB,  2D  DFT  Beamspace  ESPRIT 
outperformed  2D  Unitary  ESPRIT.  This  is  in  accordance  with  observations  made  by  Xu  et  al. 
[16]  in  comparing  the  performance  of  their  version  of  Beamspace  ESPRIT  with  that  of  ESPRIT  in 
element  space.  At  low  SNR’s  Xu  et.  al.  argued  that  the  better  performance  of  the  former  over  that 
latter  is  due  to  fact  that  Beamspace  ESPRIT  exploits  a-priori  information  on  the  source  locations 
by  forming  beams  pointed  in  the  general  directions  of  the  sources.  This  argument  is  applicable  here 
as  well. 

The  difference  in  performance  between  2D  Unitary  ESPRIT  or  2D  DFT  Beamspace  ESPRIT 
and  the  CRLB,  and  the  fact  that  2D  AfC/S/C' achieves  the  CRLB  for  the  range  of  SNR’s  simulated, 
suggests  a  strategy  wherein  the  2D  angle  estimates  provided  by  either  2D  Unitary  ESPRIT  or  2D 
DFT  Beamspace  ESPRIT  axe  used  as  starting  points  for  localized  Newton  searches  of  the  2D  MUSIC 
spectrum  to  achieve  uniformly  minimum  variance  unbiased  estimates  (UMVUE’s).  Note  that  the 
computational  burden  of  performing  these  localized  searches  of  the  2D  MUSIC  spectrum  may  be 
reduced  substantially  by  operating  in  beamspace  and  exploiting  the  conjugate  centro-symmetry  of 
the  URA  manifold. 

9  Conclusions 

2D  Unitary  ESPRIT  is  a  closed  form  2D  angle  estimation  algorithm  for  use  in  conjunction  with 
a  URA  and  is  easily  adapted  for  other  dual  invariance  arrays  including  a  cross  array.  2D  DFT 
Beamspace  ESPRIT  is  an  efficient  beamspace  implementation  of  2D  Unitary  ESPRIT  facilitating 
reduced  dimension  processing  and  attendant  reduction  in  computational  complexity.  The  2D  angle 
estimates  provided  by  either  2D  Unitary  ESPRIT  ot  2D  DFT  Beamspace  ESPRIT  may  be  used  as 
starting  points  for  localized  Newton  searches  of  the  2D  MUSIC  spectrum,  the  ML  algorithm,  or  the 
Multiple  Invariance  ESPRIT  algorithm.  Due  to  space  limitations,  performance  analysis  of  either 
2D  tlnitary  ESPRIT  ox  2D  DFT  Beamspace  ESPRIT  is  not  included  here,  but  would  follow  in  the 
same  vein  as  the  performance  analysis  of  UCA-ESPRIT  in  [22].  Note  that  2D  Unitary  ESPRIT 
may  also  be  employed  in  a  variety  of  applications  other  than  2D  angle  estimation  including  2D 
harmonic  retrieval  for  image  analysis,  for  example. 
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Figure  1 .  Illustrating  the  form  of  signal  roots  obtained  Figure  2.  Illustrating  the  form  of  signal  roots  obtained  via 
via  Root-MUSIC  with  ULA  or  ESPRIT  with  UCA-ESPRIT  with  circular  array  or  approximate 

single  invariance  (roots  are  eigenvalues).  2D  DFT  Beamspace  ESPRIT  with  rectangular  array. 


Figure  3.  Illustration  of  transformation  from  element  space  to  beamspace  highlighting  four  beam  example  for 
2D  DFT  Beamspace  ESPRIT. 
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Figure  4:  (a)  RMSE  for  source  1  in  simulation  example.  Figure  4:  (c)  RMSE  for  source  3  in  simulation  example. 
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Figure  4:  (b)  RMSE  for  source  2  in  simulation  example. 


Figure  4:  (d)  Scatter  plot  of  2D  DFT  Beamspace  ESPRIT 
eigenvalues. 
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Beamspace  DOA  Estimation  Featuring  Multirate 
vector  Processing 


Eigen-. 


A  novel  approach  to  angle  of  arrival  estimation  in  beamspace  is  developed.  Beamspace  noise 
eigenvectors  may  be  transformed  to  vectors  in  the  element-space  noise  subspace.  The  trans¬ 
formed  noise  eigenvectors  are  bandpass,  facilitating  multirate  processing  involving  modulation 
to  baseband,  filtering,  and  decimation.  As  these  operations  are  linear,  a  matrix  transformation 
applied  to  the  eigenvectors  may  be  constructed  a  priori.  Incorporation  of  the  technique  into  ei¬ 
ther  the  Root-MUSIC  or  ESPRIT  prescriptions  provides  a  computationally  efficient  procedure. 
Compared  to  past  efforts  to  adapt  Root-MUSIC  and  ESPRIT  to  beamspace,  this  approach  cir¬ 
cumvents  the  need  for  restrictive  requirements  on  the  form  of  the  beamforming  transformation. 
An  asymptotic  theoretical  performance  analysis  is  also  included  to  provide  an  alternative  to 
computationally  intensive  Monte-Carlo  simulations.  Simulation  studies  show  the  validity  of  the 
performance  predictive  expressions  and  verify  that  the  procedure,  when  incorporated  into  the 
Root-MUSIC/ESPRIT  formulations,  produces  a  direction  finding  technique  that  nearly  attains 
the  Cramer-Rao  bound. 


2.1  Introduction 

2.2  Array  Signal  Model 

2.3  Development  of  DOA  Estimators  Featuring  Multirate  Eigen¬ 
vector  Processing 

2.3.1  Multirate  Noise  Eigenvector  Processing 

2.3.2  Incorporation  of  Filter  Deconvolution 

2.3.3  Root-MUSIC  Incorporating  Multirate  Eigenvector  Processing 
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1.  Introduction 


Beamspace  formulations  of  the  eigenstructure  class  of  direction  finding  sensor  array  processing  algo¬ 
rithms  offer  a  number  of  advantages  over  their  element  space  counterparts.  First,  there  is  a  computational 
benefit  realized  in  the  processing  of  data  of  a  much  smaller  dimension.  Second,  a  practical  implemen¬ 
tation  to  current  phased  array  technology  is  allowed.  Third,  beamspace  formulations  exhibit  a  reduced 
sensitivity  to  sensor  position  perturbations  and  noise  non-idealities  [1].  Fourth,  although  suboptimal  in 
high  SNR  situations,  the  inherent  concentration  over  a  specific  spatial  region  of  interest  leads  to  noise 
reduction  and,  hence,  enhanced  ability  for  localization  in  the  more  critical  case  of  low  SNR  [2,  3]. 

In  the  case  of  the  Spectral  MUSIC  algorithm  proposed  by  Schmidt  [4],  which  is  applicable  to  arbitrary 
axray  geometries,  the  Vandermonde  nature  of  the  element  space  array  response  to  a  plane  wave  signal  for 
the  common  uniform  linear-spaced  array  geometry  facilitates  a  root-finding  procedure  for  angle  estimation 
[5]  as  a  computationally  attractive  alternative  to  the  spectral  search.  The  beamspace  formulation  of 
Spectral  MUSIC,  however,  does  not  directly  offer  a  polynomial  root-finding  capability.  By  relating  the 
beamspace  manifold  to  the  element  space  direction  vector,  a  beamspace  Root-MUSIC  capability  can  be 
realized  but  the  order  of  the  resulting  polynomial  to  be  rooted  is  related  to  the  number  of  sensors,  N, 
as  2N  —  2.  This  represents  such  a  considerable  computationally  intensive  task  for  large  arrays  so  as  to 
preclude  its  use  for  the  associated  performance  gains  as  noted  in  [6]. 

Recently,  an  efficient  algorithm  was  proposed  in  [7]  as  a  means  of  reducing  the  Root-MUSIC  polyno¬ 
mial  to  order  2Nb  —  2,  where  Nb  is  the  number  of  beams.  This  represents  a  tremendous  computational 
savings  if  only  a  relatively  few  number  of  beams  are  formed  to  probe  a  spatial  subband  (sector)  for  sources. 
The  approach  in  [7]  was  accomplished  by  requiring  that  the  beamforming  vectors  possess  common  spatial 
nulls.  We  point  out  that,  like  the  beamspace  Root-MUSIC  formulation  in  [7],  an  adaptation  of  ES¬ 
PRIT  to  beamspace  in  [8]  also  required  significant  restrictions  on  the  form  of  the  beamforming  vectors. 
Aside  from  this  possibly  over- restrictive  requirement,  two  other  problems  associated  with  the  beamspace 
Root-MUSIC  algorithm  were  observed.  First,  the  technique  didn’t  exploit  the  spatially-confined  region 
of  operation  in  the  rooting  stage  of  the  algorithm.  That  is,  as  the  number  of  sensors  comprising  the  array 
increases,  the  spatial  extent  of  the  bearaforming  window  decreases  with  constant  Nb  but,  yet,  the  rooting 
algorithm  is  still  capable  of  localizing  signals  over  all  of  visible  space.  Second,  the  approach  involved  the 
use  of  an  Nb  x  Nb  matrix  transformation  Q  which  was  found  to  be  highly  ill-conditioned.  For  example, 
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the  condition  number  of  Q  for  an  N  =  128  element  array  operated  upon  by  a  spatial  Discrete  Fourier 
Transform  (DFT)  beamformer  was  computed  for  a  varying  number  of  beams  and  plotted  in  Figure  1.  In 
contrast,  the  other  curve  in  the  figure  (Z  transformation)  corresponds  to  an  alternative  approach  that  is 
the  key  result  of  this  paper,  having  a  similar  implementation  for  the  MUSIC  setting  but  fundamentally 
different  to  the  approach  in  [7].  Whereas  the  condition  number  associated  with  the  Z  transformation  is 
relatively  constant  at  a  value  near  3  for  all  beamspace  dimensions,  the  corresponding  value  for  the  Q 
transformation  is  large  for  even  a  small  number  of  beams,  e.g.,  for  a  beamformer  comprised  of  iV),  =  8 
spatial  DFT  beams,  the  condition  number  is  approximately  8  •  10^. 

The  main  purpose  of  this  paper  is  to  develop  a  processing  methodology  that  is  based  on  the  trans- 
formability  of  a  beamspace  noise  eigenvector  to  an  element-space  counterpart  as  noted  in  passing  in  [3,  9]. 
In  the  intended  application  of  beamspace  processing,  a  spatial  subband  is  probed  so  that  the  transformed 
beamspace  noise  eigenvectors  are  naturally  bandlimited  in  a  spatial  sense.  This  banded  characteristic 
allows  for  the  application  of  classical  multirate  digital  signal  processing  to  isolate  and  spatially  enlarge 
the  spatial  subband  of  interest.  Note  that  this  methodology  departs  from  classical  multirate  processing  in 
that  the  pertinent  information  lies  in  the  in-band  signal  nulls  instead  of  signal  peaks.  In  the  conventional 
mode  of  multirate  processing,  one  has  to  be  concerned  with  spectral  peaks  outside  the  “basebanded”  sub¬ 
band  being  aliased  into  the  subband  thereby  causing  ambiguities.  Lowpass  filtering  is  implemented  prior 
to  decimation  to  avoid  this  condition.  However,  in  array  processing  at  the  sensor  level,  this  pre-filtering 
operation  destroys  the  Vandermonde  nature  of  the  manifold  thereby  precluding  rooting  based  DOA  es¬ 
timation  techniques  such  as  Root-MUSIC  or  ESPRIT.  Here  the  goal  is  to  preserve  in-band  signal  nulls 
and  the  development  will  show  that  the  ability  to  root  is  easily  maintained.  In  addition,  with  respect 
to  aliasing  artifacts,  out-of-band  signals  not  sufficiently  de-emphasized  by  the  front-end  beamforming 
give  rise  to  out-of-band  signal  nulls  which  actually  serve  to  suppress  aliasing  contributions  resulting  from 
decimation  (see  Figure  2  to  be  discussed  shortly). 

An  important  feature  of  this  approach  is  that  there  are  no  restrictive  requirements  on  the  form  of 
the  beamforming  vectors.  Another  advantage  of  this  technique  is  that  the  angular  separation  between 
“in-band”  signal  roots  is  increased  by  the  decimation  factor,  thereby  easing  the  job  of  rooting.  Another 
major  advantage  is  that  the  technique  is  computationally  robust  as  the  Z  matrix  transformation  applied 
to  the  beamspace  noise  eigenvectors  is  well  conditioned,  e.g.,  refer  to  Figure  1  where  the  condition  number 
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of  a  Z  transformation  is  shown  for  the  same  array  length  and  a  suitable  decimation  procedure. 

As  the  eigenvector  transformation-decimation  procedure  is  general  in  nature,  the  technique  may  be 
applied  to  any  eigenstructure  direction  finding  algorithm.  We  here  consider  the  Root-MUSIC  and  ES¬ 
PRIT  [10]  formulations  as  these  techniques  are  fairly  representative  of  the  eigenstructure  clajss  of  angle 
estimators;  application  to  other  algorithms  is  straightforward. 

The  contents  of  this  paper  are  as  follows.  Following  a  description  of  the  data  model,  the  beamspace 
noise  eigenvector  transformation-decimation  technique  is  developed  and  applied  to  Root-MUSIC  and 
ESPRIT  ideology  in  Section  3.  The  theoretical  performance  of  the  MUSIC/ESPRIT  formulations  is  de¬ 
veloped,  in  terms  of  the  estimation  variance,  in  Section  4.  Finally,  the  theoretical  performance  expressions 
are  validated  in  simulations  and  the  optimality  of  the  technique  is  observed  through  a  comparison  study 
with  the  stochastic  Cramer-Rao  bound  in  a  variety  of  experiments  in  Section  5. 

2.  Array  Signal  Model 

The  DOA  estimation  methodology  described  herein  assumes  a  uniform  linear  array  of  sensors.  An 
extension  to  the  two-dimensional  array  geometry  composed  of  a  rectangular  lattice  of  sensors  is  readily 
clear. 

Assuming  that  K  narrowband  plane- wave  signals,  residing  at  a  common  center  frequency,  impinge 
upon  an  N-sensor  array,  the  complex  basebanded  data  snapshot  vector  at  the  m’th  sampling  instant, 
x(m),  is  expressed  as  a  superposition  of  signals  embedded  in  additive  noise  a.s 

K 

^k{m)  aNiiJ'k)  +  n(m)  m  =  (1) 

k=i 

In  the  above  equation,  the  amplitudes  of  the  K  signals,  Sfc(-),  k  =  l,...,if,  axe  modelled  as  zero-mean 
jointly  Gaussian  random  variables  with  non-singular  covariance  P^,  and  n(-)  is  a  zero-mean  complex 
gaussian  noise  vector  with  assumed  covariance  £  j^n(m)n'^(m)  j  =  cr^  Iat-  The  array  response  to  a  unit- 
amplitude  signal  arriving  from  the  spatial  location  /z  is  represented  by  aAr(/z),  where  /z  =  ^  d  sin(0), 
d  is  the  sensor  spacing,  A  is  the  wavelength,  and  9  is  the  conical  angle  of  arrival.  In  accordance  with  a 
uniform  sensor  placement,  the  structure  of  the  array  manifold  vector  has  the  form 

a„W  =  [l,  e",  (2) 

The  associated  sensor  covariance  matrix,  assuming  that  the  noise  is  uncorrelated  with  the  signal  set,  is 
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simply 


R,  =  AP,A^  +  (T^Ijv,  (3J 

where  A  is  the  matrix  of  element-space  manifold  vectors,  A  =  [ :  aAr(//2) ;  . . .  :  ■  In  the 


event  that  the  noise  exhibits  a  colored  character,  we  assume  that  the  noise  correlation  matrix  is  known. 

The  benefits  of  beamforraing  as  a  pre-processing  operation  prior  to  DOA  estimation  is  well  known  in 
the  literature  [1,  2,  3,  7].  Here  we  transform  the  element-space  data  to  an  Nh  dimensional  beamspace  in 
a  digital  or  analog  fashion.  This  operation  is  mathematically  modelled  as 

y(m)  =  W^x(m)  m=l,...,M  (4) 

where  the  columns  of  the  iVxiVt  beamforming  matrix  are  orthonormalized  so  that  W^W  =  IjV;,.  De¬ 
noting  the  iVi,-dimensional  beamspace  manifold  vector  as  b(//),  the  associated  beamspace  covariance,  R^, 
is 

^  =  S  [y(m)y(m)-^]  =  W^R,W  =  BP,B^  +  (5) 

where  B  =  b(//i) :  b(//2) :  •••  :  b(//A')  and  b(/i)  =  W'^ajv(/x). 

As  the  ideal  covariance  matrix  is  not  accessible  in  practice,  an  M-sample  estimate  is  employed  as 

M 

m=l 

where  we  assume  that  M  >  K.  We  also  assume  that  Nh  >  K  for  proper  operation  of  the  DOA  es¬ 
timators.  As  the  beamspace  dimension,  Nh,  is  usually  chosen  to  be  small  in  relation  to  N,  to  yield  a 
computationally  attractive  algorithm  displaying  enhanced  localization  performance  of  low  SNR  signals 
[7,  9],  the  assumption  K  <  Nh  may  seem  too  restrictive.  However,  through  judicious  selection  of  beam¬ 
forming  vectors,  we  merely  assume  that  fewer  than  Nh  signals  are  effectively  present  in  the  beamspace 

data;  signals  that  are  not  located  within  the  spatial  sector  of  interest  are  sufficiently  de-emphasized  by 

✓ 

the  beahaforming  operation. 

The  eigendecomposition  of  R^,  provides  the  signal  and  noise  subspace  descriptors  as  necessitated  by 
the  DOA  architectures  considered  in  this  paper.  Notationally,  R^  is  decomposed  as  (Aj,ei^  where  A,-, 
i=l,...,Nh,  are  the  eigenvalues  arranged  in  decreasing  order,  Ai  >  A2  >  . . .  >  >  0)  with  associated 

eigenvectors  e,'.  Thus  {  e,",  i  —  1, ...,  K  }  span  a  /if-dimensional  (signal)  subspace  used  as  an  estimate  of  the 
true  subspace  spanned  by  the  columns  of  B,  and  the  remaining  Nh  —  K  eigenvectors  span  an  estimate  of 
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the  orthogonal  (noise)  subspace.  The  number  of  signals,  K,  is  assumed  to  be  available,  possibly  estimated 
via  a  procedure  such  as  that  described  in  [11]. 

An  alternative  procedure  for  the  estimation  of  the  noise  or  signal  subspace  is  the  decomposition  of  the 
real  part  of  ^  as  discussed  in  [7,  9].  By  simply  referencing  the  phase  of  the  beamforming  vectors  and 
the  element  space  manifold  to  the  array  center,  i.e.,  through  the  scaling  of  (2)  by  the  multiplicative  factor 
exp  (— 3.nd  requiring  a  symmetric  magnitude  taper  in  the  beamforming  vectors,  the  beamspace 
manifold  b(/z)  is  real-valued.  Thus  Re{Rj,}  =  BRefPjB^  -|-  The  advantages  of  processing 

only  the  real  part  of  Rj,  are  a  computational  savings  and  a  signal  decorrelation  effect  to  improve  the 
angle  estimation  accuracy  in  correlated  signal  scenes  [9].  Note  that  the  forthcoming  discussion  of  DOA 
estimation  employing  eigenvector  decimation  places  no  restrictions  on  how  the  signal  or  noise  eigenvectors 
are  estimated. 

3.  Development  of  DOA  Estimators  Featuring  Multirate  Eigenvector  Pro¬ 
cessing 

In  this  section,  we  develop  the  beamspace  Root-MUSIC  and  TLS-ESPRIT  DOA  estimators  incorpo¬ 
rating  multirate  eigenvector  processing.  In  Section  A,  we  discuss  the  basis  of  the  mrdtirate  processing 
technique  of  beamspace  noise  eigenvectors  and  present  some  computational  reductions  in  Section  B.  Fi¬ 
nally  the  techniques  are  applied  to  obtain  Root-MUSIC  and  TLS-ESPRIT  DOA  estimation  algorithms 
in  Sections  C  and  D,  respectively. 

A.  Multirate  Noise  Eigenvector  Processing 

The  critical  relation  motivating  the  development  of  the  algorithms  presented  in  this  paper  is  that  a 
beamspace  noise  eigenvector  can  be  transformed  to  a  noise  eigenvector  in  element  space  as  noted  in  [3,  9]. 
Defining 

Vi  =  We.-,  (7) 

where  e,-,  i  >  K,  is  a.  noise  eigenvector  of  the  ideal  beamspace  covariance,  we  see  that  v,-  is  indeed  an 
eigenvector  lying  in  the  noise  subspace  of  R^  as  evidenced  by 

0  =  B^e.-  =  (W^A)^  ei  =  (We^)  =  A^v,-  i  >  K.  (8) 

Since  A  is  an  NxK  matrix  composed  of  the  element  space  direction  vectors  which  collectively  span  the 
signal  subspace,  v,-  =  W  e,-,  i=/<’-l-l,...,iVi„  lies  in  the  element  space  noise  subspace.  Also,  given  that  e,-  is 
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unit-length,  v,-  is  unit-length  as  guaranteed  by  the  orthonormality  of  the  columns  of  W.  Note,  however, 
that  no  direct  relationship  exists  between  the  beamspace  and  element-space  signal  subspace  eigenvectors' 
and  that  the  Nf,  -  K  transformed  noise  eigenvectors  only  partially  describe  the  iV-dimensional  element- 
space  noise  subspace. 

We  now  focus  the  development  of  the  multirate  eigenvector  prescription  to  the  MUSIC  algorithm. 
Employing  the  transformed  noise  eigenvectors  which  partially  describe  the  element-space  noise  subspace, 
the  associated  MUSIC  null  spectrum  [4]  is  appropriately  described  as 

Nb 

SmC/(/^)  =  ^  —  IT  <  H  <  T  (9) 

k=K+l 

For  the  structure  of  the  array  manifold  given  in  (2),  it  is  observed  that  each  term  in  (9)  simply  has  the 
form  of  an  iV-point  spatial  Discrete  Time  Fourier  Transform  (DTFT)  of  a  transformed  noise  eigenvector, 

UW  =  =  f;  -  )r  <  /-  <  ir  (10) 

n=l 

where  Ufc(n)  represents  the  n’th  entry  in  the  vector  v*,. 

By  selecting  the  set  of  beamforming  vectors  to  interrogate  some  sector  of  space  while  attenuating 
signals  that  lie  elsewhere,  the  spectrum  of  the  transformed  eigenvectors  are  naturally  spatially  band- 
hmited.  This  can  be  seen  by  viewing  the  null  spectrum  of  a  single  transformed  noise  eigenvector  as  shown 
in  Figure  2.  The  parameters  associated  with  the  figure  are  as  follows.  iV=128  half- wavelength  spaced 
sensors  were  employed  in  conjunction  with  a  spatial  DFT  beamformer  consisting  of  eight  consecutive 
beams  centered  in  space  at  sin^  =  25/iV.  For  reference  purposes,  the  spatial  responses  of  the  Nt  =  S 
beams  axe  plotted  in  Figure  3.  There  were  two  equi-powered  signals  located  near  mid-band  at  10.6°  and 
11.5°;  the  locations  are  labelled  on  the  figure.  In  addition,  a  high-strength  signal  was  placed  at  a  distant 
location  of  sin^  =  69/iV.  A  single  beamspace  noise  eigenvector  of  the  ideal  covariance  was  employed  to 
generate  the  plot  in  Figure  2.  Note  that  the  “extraneous”  null  within  the  band  will  fill  in  when  all  of  the 
transformed  noise  eigenvectors  are  employed.  Although  in-band  nulls  are  of  interest,  the  main  point  of 
the  figure  is  that  the  spectrum  exhibits  an  elevated  response  in  the  spatial  region  where  the  beams  are 
directed  and  a  suppressed  response  in  the  region  neighboring  the  distant  signal. 

The  bandpass  nature  of  the  null  spectra  suggests  a  multirate  procedure  wherein  the  spatial  band 
surrounding  sin^  =  25 /N  is  spatially  basebanded  and  the  corresponding  spatial  sequence  is  decimated. 
Consider  decimation  by  an  integer  factor  D  that  is  less  than  or  equal  to  the  maximum  allowable  value. 
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For  the  example  employing  Ni,  spatial  DFT  beams,  the  maximum  decimation  factor  is  Dmax  =  NjN},} 
The  sequence  associated  with  the  k\h.  decimated  eigenvector  is  (recall  =  W  et) 

+  1)  =  Vk{Di  +  1)  *  =  0, 1, N/D-1. 

From  classical  multirate  theory,  the  spatial  spectrum  associated  with  the  A:’th  decimated  eigenvector  is 

=  I  U  .  (U) 

Keep  in  mind  the  periodicity  in  the  variable  //,  i.e.,  V{fj.  +  27rre)  =  V{fi)  for  integer  n.  Assuming  that 
the  spectrum  has  negligible  amplitude  outside  of  the  region  of  interest,  i.e.,  14(/f)  «  0,  Ijuj  >  t/D,  only 
the  i  =  0  term  contributes  to  the  sum  leading  to  Vq\h)  «  Vk{fi/D)  for  —ir<[x<ir. 

In  the  usual  application  of  multirate  processing,  one  must  be  concerned  with  the  aliasing  of  signals 
into  the  band  of  interest;  here  we  must  insure  that  aliasing  does  not  result  in  the  “filling  in”  of  signal 
nulls  within  the  band  of  interest.  Note  that  signals  that  lie  outside  of  the  spatial  band  of  interest  do  not 
affect  the  spectrum,  i.e.,  in  fact,  the  reduced  amplitude  in  the  neighboring  region  as  seen  in  Figure  2  will 
result  in  a  smaller  aliasing  contribution.  However,  the  presence  of  the  large  distant  signals  may  increase 
the  perceived  dimension  of  the  signal  subspace,  K,  in  the  decomposition  of  the  sample  covariance  matrix 
so  that  their  presence  is  undesired. 

If  the  front-end  beamformers  have  high  sidelobes,  a  spatial  filter  prior  to  decimation  might  be  necessary 
to  insure  that  the  nuU  spectrum  is  not  distorted  due  to  aliasing,  i.e.,  the  “signal”  nulls  are  not  lost  or 
shifted  appreciably.  The  filter  should  incorporate  a  sufficient  stopband  attenuation  to  limit  the  degree  of 
aliasing.  However,  a  larger  stopband  attenuation  requires  a  larger  filter  length.  As  the  ultimate  intention 
of  multirate  processing  is  to  reduce  the  dimension  of  the  transformed/decimated  noise  eigenvectors,  a 
shorter-length  filter  is  desired.  Note  that  the  length  of  the  noise  eigenvectors  after  decimation  is  f  ^ 

where  L  is  the  filter  length,  D  is  the  decimation  factor  which  is  less  than  or  equal  to  Dmax  =  N/Ni,,  and 
[x]  refers  to  the  smallest  integer  greater  than  or  equal  to  x. 

As  there  is  no  need  for  a  linear  phase  requirement,  an  HR  filter  may  be  employed.  The  absence  of 
a  linear  phase  requirement  in  HR  designs  should  result  in  a  smaller  filter  length,  L,  where  L  is  taken 
as  some  appropriate  effective  length  of  the  associated  impulse  response.  Note,  however,  that  the  classic 

HR  low-pass  filter  designs  such  as  Butterworth,  Chebyshev,  Elliptic,  etc.,  yield  poles  that  are  very  near 

^Although  the  terminology  “sampling  rate  alteration”  applies  for  non-integer  Dmax,  we  will  still  refer  to  the  rate 
conversion  operation  as  decimation. 
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the  unit  circle  so  that  the  associated  impulse  responses  are  relatively  long.  It  was  determined  that  these 
classic  HR  designs  offer  little  or  no  advantages  in  terms  of  lengths  vs.  band  specifications  as  compared 
to  such  FIR  techniques  as  the  Hamming,  Hanning,  or  Blackman  windowed  low-pass  filters  (LPF).  Also 
note  that  a  high  degree  of  passband  ripple  may  not  pose  a  significant  problem  as  there  is  a  procedure,  to 
be  discussed  shortly,  for  the  removal  of  the  residual  ripple  after  decimation. 

A  major  factor  in  determining  an  appropriate  filter  length  is  the  width  of  the  transition  band.  The 
simplest  means  of  increasing  the  width  of  the  transition  band,  and,  hence,  shortening  the  filter  length, 
is  to  decimate  by  a  factor  that  is  less  than  the  maximum  allowable  limit  Dmax-  This  would  increase  the 
distance  between  the  edges  of  the  beamforming  sector,  i.e.,  the  region  encompassed  by  the  mainlobes  of 
the  Nb  beams,  and  the  spatial  location  =  ir/D,  i.e.,  the  location  that  is  scaled-up  to  the  spectral  edge 
{(j,  =  tt)  after  decimation.  Thus,  by  designing  a  filter  with  a  transition  band  that  lies  within  a  spatial  zone 
that  is  exterior  to  the  passband  of  the  beamforming  sector,  the  aliasing  effects  are  essentially  confined  to 
this  region  which  is  disregarded  in  the  end. 

Another  approach  is  to  simply  allow  the  passband  edge  to  extend  within  the  beamforming  sector  as 
it  has  been  shown  in  [7,  9]  that  beamspace  DO  A  architectures  tend  to  perform  rather  poorly  in  terms 
of  estimation  bias/variance  at  the  edges  of  the  beamforming  sector.  This  effect  is  attributable  to  the 
reduction  in  the  total  signal  power,  proportional  to  b(//),  as  the  signal  nears  the  edge  of  the  spatial 

subband.  Thus  the  transition  band  of  the  filter  may  be  designed  to  encompass  perhaps  25-50%  of  the  total 
beamforming  sector  in  which  case  one  would  have  to  allow  a  corresponding  overlap  appropriate  amongst 
subbands  probed  in  succession  or  in  parallel.  Due  to  the  characteristic  shape  of  the  noise  eigenvector 
spectra,  the  aliasing  effects  primarily  originate  just  outside  of  the  pre-decimation  subband  defined  over 
H  g  [— tt/'D,  tt/I?].  Thus,  specifying  that  the  transition  band  of  the  filter  be  centered  at  x/D,  the 
aliasing  will  be  primarily  present  in  the  edges  of  the  beamforming  window  and  this  is  disregarded. 

Returning  to  the  Nb  =  8  beam  example,  a.n  N  =  128  element  Hamming-windowed  LPF  with  a 
transition  band  defined  over  the  region  /i  €  [6.5ir/A^,  9.57r/iV],  where  fi  =  Stt/TV  is  both  the  edge  of  the 
beamforming  window  and  the  edge  of  the  pre-decimation  subband,  proved  to  be  a  reasonable  design. 
A  sketch  of  the  passband  associated  with  this  low  pass  filter  design  can  be  found  in  Figure  4.  The 
filter  response  is  superimposed  over  the  MUSIC  null  spectrum  associated  with  the  use  of  all  spatially 
basebanded  transformed  noise  eigenvectors  to  show  another  feature  of  this  filter  selection:  the  interlacing 
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of  the  nulls  which  results  in  a  dramatical  reduction  in  the  effects  of  aliasing.  As  the  out-of-band  nulls 
of  the  basebanded  beamspace  MUSIC  null  spectrum  are  at  known  data-independent  spatial  positions 
corresponding  to  the  common  null  locations  of  the  beam  set  of  Figure  3,  the  filter  parameters  can  be 
selected  to  produce  the  null  interlacing  effect  as  seen  in  Figure  4.  Also  note  that  the  use  of  all  beamspace 
noise  eigenvectors  in  a  MUSIC  formulation  resulted  in  the  removal  of  the  non-signal  in-band  spatial  null 
that  was  present  in  the  single  transformed  noise  eigenvector  spectrum  of  Figure  2.  The  resulting  filtered 
eigenvector  MUSIC  null  spectrum  is  shown  in  Figure  5  and  the  corresponding  decimated  MUSIC  null 
spectrum  is  shown  in  Figure  6. 

With  the  modulation  (spatial  basebanding),  filtering,  and  decimation  operations  notated  hy  M,  T, 
and  V,  respectively,  the  decimated/transformed  noise  eigenvectors  are  then  i/,-  =  V  T M  {  W  e,-  },  f  . 
As  decimation,  filtering,  and  modulation  are  linear  operations,  these  may  be  performed  a  priori  on  the 
Nb  columns  of  W  as  evidenced  in 

f  iVi,  ]  Nb  Nb 

Vi  =  VT M  {w*}]  ei{k)  =  ^  Zkei{k)  =  Ze,-,  (12) 

[k=i  J  fc=i  fc=i 

where 

Z  =  \zilz2l  ...':znA  =  VJ^M  {W}.  (13) 

Hence,  a  matrix  Z  of  dimension  AI^xiNIfc,  where  Nz  =  \  1 ,  may  be  computed  a  priori  and  applied 

to  the  beamspace  noise  eigenvectors  e^,  i  =  K  +  l,...,Nb.  In  the  more  general  case  of  sampling  rate 
conversion  where  the  desired  “decimation”  factor  is  not  an  integer  but  can  be  expressed  as  a  ratio  of  two 
integers  D  =  Mo! Mi,  the  corresponding  matrix  Z  is  computed  as 

Z  =  {W},  (14) 

where  'Dmo  represents  a  decimation  operation  by  a  factor  of  Md  and  Zmj  refers  to  an  interpolation 
operation  by  a  factor  of  Mi.  Note  that  the  filter  frequency  design  specifications  are  appropriately  modified 
to  reflect  the  positioning  following  the  interpolator.  Also,  due  to  the  modulation  operation,  the  matrix 
Z  can  be  employed  for  a  common  beam  set  steered  to  any  sector  of  space.  In  this  mode  of  operation,  the 
estimates  of  the  signal  fi  locations  provided  by  the  algorithm  are  relative  to  the  center  of  the  beamforming 
sector. 

B.  Incorporation  of  Filter  Deconvolution 
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As  the  inclusion  of  a  properly  designed  filter  will  result  in  negligible  aliasing  effects,  it  is  possible  to 
reduce  the  row-dimension  of  the  matrix  Z,  and  hence  the  order  of  the  polynomial  that  ultimately  needs 
to  be  rooted.  This  computational  advantage  is  accomplished  through  the  deconvolution  of  the  decimated 
filter  sequence  from  each  column  of  Z  as  substantiated  in  this  section. 

Denoting  the  spatial  DTFT  of  the  f’th  transformed  and  decimated  beamspace  noise  eigenvector  i/,- 
defined  in  (12)  as  we  find,  as  similar  to  the  form  in  Equation  (10), 

Nz 

vIPfmM  =  E  (15) 

k=l 

The  above  form  offers  an  alternative  view  of  the  decimation  procedure  where  the  spatial  spectrum 
^DFMiy)  is  expressed  in  terms  of  the  respective  DTFT’s  of  the  filter  and  the  i’th  modulated- transformed 
eigenvector.  Defining  the  DTFT’s 


A:=l 

(16) 

HM  =  Z 

k=l 

(17) 

where  vJJ  =  M  {We,}  =  Ad  {*/,•}  and  h  =  [/i(l),  ...,  h{L)f  is  an  T  x  1  vector  composed  of  the 
entries  of  the  filter  impulse  response.  One  can  express  as 


^DFM 


(m) 


(18) 


Notice  that  the  form  of  (18)  implies  an  integer- valued  decimation  factor  D.  Modifications  for  the  more 
general  cases  where  the  sampling  rate  alteration  is  expressible  as  a  non-reducible  ratio  of  two  integers, 
D  =  Mo! Mi,  are  readily  incorporated  into  the  procedure  and  will  be  addressed  later  in  this  section. 
Assuming  that  aliasing  effects  are  negligible,  the  ^  =  0  term  (region  surrounding  baseband)  dominates 


so  that  the  following  approximations  hold 


Notice  that  the  bracketted  term  in  the  latter  approximation  is  simply  the  DTFT  of  the  decimated  impulse 
response  of  the  filter  sequence,  hoik)  =  h{Dk).  Acceptance  of  the  above  approximations  suggests 
that  one  is  capable  of  removing  the  effects  of  the  filter  from  the  decimated  null  spectrum.  Thus,  we 
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may  acquire  the  pertinent  (signal)  information  associated  with  the  eigenvector  spectrum  by  viewing  an 
alternate  spectrum,  denoted  given  as 


(20) 


Ef=o' 

Equivalently,  the  spectral  division  can  be  accomplished  by  deconvolving  the  decimated  filter  sequence 
out  of  the  i’th  decimated  eigenvector,  Ze,-.  As  the  deconvolution  operation  is  also  linear,  one  can  simply 
deconvolve  the  decimated  filter  impulse  response  out  from  each  column  of  Z  in  (13)  to  form  a  matrix  Z'. 
Denote  the  deconvolution  operator  as  so  that  Z'  =  Q~'^V!F  M.  {  W  }.  Recall  that  Z  is  an  NzxNb 
matrix  where  Nz  =  \  1 .  Assuming  that  the  deconvolution  is  exact,  the  size  of  Z'  is  Nz>xNb, 

where  Nz'  =  f  +  1.  As  the  imperfect  filtering  introduces  a  small  degree  of  aliasing,  the 

deconvolution  is  not  exact.  Therefore,  there  exists  a  remainder  term  that  must  be  considered  such  that 
the  resultant  process  may  not  be  causal.  Numerically  it  is  better  to  carry  out  the  deconvolution  by  way  of 
spectral  division.  In  this  case,  the  DTFT  of  a  given  column  of  Z  is  divided,  point- wise,  by  the  DTFT  of 
the  decimated  filter  sequence  so  that  the  inverse  DTFT  of  the  result  provides  the  associated  deconvolved 
column  of  Z'.  Depending  upon  the  values  of  N  and  Nb,  simulations  have  shown  that  possibly  one  or 
two  extra  points  on  either  side  of  the  Nz'  points  should  be  appended  to  each  column  of  Z'.  A  suitable 
criterion  employed  in  simulation  studies  is  that  all  points  whose  magnitudes  greater  than  5-10%  of  the 
maximum  value  should  be  included  in  Z'. 

Returning  to  the  example  cited  earlier  where  the  beamforming  matrix  corresponding  to  an  TV  =  128 
element  ULA  with  d  =  X/2  and  A),  =  8  beams  is  operated  on  by  an  X  =  128  length  Hamming- windowed 
LPF  and  then  maximally  decimated,  the  dimensionality  of  the  Z  matrix  is  A^xAft,  =  f  1  =  16- 
Assuming  perfect  deconvolution,  the  associated  value  of  Nz>  is  9.  Adopting  the  10%  criteria  in  the 
selection  of  the  row-dimension  of  2i' ,  it  was  found  that  one  extra  row  was  needed.  By  way  of  spectral 
division  employing  the  FFT/IFFT  algorithms,  the  extra  values  were  the  last  samples  of  the  IFFT,  which 
were  wrapped- around  to  form  the  first  row  of  Z'. 

In  the  case  of  non-integer  decimation  where  the  factor  D  is  expressible  as  a  ratio  of  two  integers  as 
D  =  Md/Mi,  a  similar  procedure  can  be  implemented.  Referring  to  Equation  (18),  the  spectrum  Vm\-) 
is  replaced  by  the  pre-filtered  spectrum  defined  by  the  DTFT  of  the  i’th  transformed,  modrdated, 

and  interpolated  (Mj)  noise  eigenvector.  The  applicable  decimation  factor  in  (18)  is  then  Mo-  Note  that 
the  filter  frequency-band  specifications  are  selected  to  reflect  the  presence  of  the  interpolation  stage.  As 
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a  result,  for  the  matrix  Z  defined  by  Z  =  TIm,  yM  {  W  },  the  columns  of  the  matrix  Z'  are 

found  by  deconvolving  the  decimated  filter  impulse  response  (decimated  by  the  factor  Md)  out  from  the 
corresponding  columns  of  Z. 

The  reduced  row  dimension  of  Z'  relative  to  that  of  Z  ultimately  results  in  a  computational  savings  for 
DOA  estimation  at  the  expense  of  a  slight  degradation  in  performance  as  will  be  shown  in  a  subsequent 
section.  The  application  of  multirate  eigenvector  processing  to  the  MUSIC  algorithm  is  analyzed  in 
Section  C  while  an  application  to  the  TLS-ESPRIT  algorithm  is  considered  in  Section  D.  The  two 
algorithms  are  considered  as  representative  of  the  class  of  eigenstructure  DOA  estimators.  Extensions  to 
other  DOA  estimation  algorithms  are  easily  accomplished. 

C.  Root-MUSIC  Incorporating  Multirate  Eigenvector  Processing 

The  multirate  eigenvector  technique  is  simply  incorporated  into  the  MUSIC  algorithm  of  Schmidt  [4]. 
As  the  transformed  beamspace  eigenvectors,  We,-,  i  >  K,  are  orthogonal  to  the  element-space  manifold 
vectors  corresponding  to  a  signal  arrival  angle,  aiv(Mfc)?  k  <  K,  the  following  condition  holds 

Zei  =  VTM  {  We.-  }  T  VTM  {  }  i>  K,  k<  K.  (21) 


Assuming  that  the  filter  is  ideal  with  a  cutoff  at  the  spatial  location  fj.  =  tt/D,  it  is  easily  observed  that 
the  in-band  signal  nulls  are  preserved  through  the  decimation  operation  such  that 

{V:FM  {We,-})^  {VJ^M  {siNM})  =  (Ze,-)^  s^NziD i^k)  =  0  i>  K,  k  <  K.  (22) 


If  the  filter  is  properly  designed  to  limit  aliasing  yet  pass  all  in-band  signals,  Equation  (22)  is  a  reasonably 
accurate  approximation.  Thus  a  suitable  MUSIC  null  spectrum  can  be  defined  as 


fc=A'+l 


(23) 


where  the  estimated  noise  eigenvectors  comprise  E„  = 


e/c+i :  eK-+2  :  •  •  •  :  e^Vt, 


and 


dimensional  element  space  manifold  vector,  where  Nz  —  f  ^"*0  ^1-  Due  to  the  Vandermonde 


structure  of  a-Nzi^IJi),  the  spectral  search  for  the  estimation  of  the  DOA  angles  can  be  converted 
to  the  rooting  of  polynomial  a  la  Root-MUSIC.  The  true  angles,  9ki  then  computed  from  Zk  via 
Ok  =  sm~^(arg{ifc}A/27rdZ}),  k  <  K.  The  resulting  algorithm  is  summarized  below.  Note  that  the 
Root-MUSIC  algorithm  employing  the  deconvolved  version  of  Z,  Z'  =  V !F M  {  W},  is  defined  in 

a  similar  way  where  Z'  and  Nz'  a-rs  substituted  for  Z  and  N z ,  respectively. 
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Summary  of  Root-MUSIC  Application  Algorithm 


1.  form  the  iV^r  X  iVj  decimated-filtered- modulated  beamforming  matrix  a-priori:  Z  =  V  M  {W} 

2.  EVD  of  Ry  =  Em=i  y(m)y^(m)/M,  where  y(m)  =  W^x(m)  m=l,...,M. 

A  A 

3.  estimate  number  of  sources,  K,  and  place  N^-K  “smallest”  eigenvectors  as  columns  of  E„ 

4.  with  pk  =  Ei=o  -k  +  i,i  +  1),  k=0,l,...,iV2:-l,  where  P  =  Z  E„Ef  Z^,  and  construct 

p(z)  =  po+  Piz  +  —  +  Pnz-Tl^^^~^  +  —  + 

5.  root  p{z),  select  K  signal  roots:  9k  =  sin~^{axg{zk}X/27rdD)  k  =  1,2, A 

Comparing  the  above  prescription  to  that  delineated  in  [7],  the  Nz  x  Nb  transformation  Z  replaces 
an  Nb  X  Nb  matrix  Q.  The  only  disadvantage  is  a  slight  increase  in  computation  as  the  polynomial  to  be 
rooted  is  slightly  higher  in  order.  However,  the  dimension  Nz  can  be  selected  to  be  only  slightly  larger 
than  Nb  if  the  deconvolution  operation,  is  incorporated.  The  advantages  of  using  the  Z  approach 
over  that  of  Q  are  robustness  to  the  computational  accuracy  of  the  rooting  algorithm  (due  to  the  increase 
in  angular  separation  between  signal  roots)  and  removal  of  the  over-restrictive  structural  requirements  of 
the  type  of  beamformer  employed.  In  addition,  the  condition  number  of  Q  is  astronomical,  between  10® 
and  10^®  for  the  array  parameters  employed  in  generating  Figure  1  while  Z  is  extremely  well-conditioned. 

The  accuracy  of  the  Z  and  Z'  transformations  was  assessed  by  observing  the  signal  root  locations  when 
the  ideal  sample  covaxiance  is  decomposed  for  use  in  the  Root-MUSIC  algorithm.  The  parameters  of  the 
array,  beamformer,  and  decimator  are  those  presented  earlier  in  the  example  of  Figures  2-6.  The  resulting 
root  locations  are  shown  in  Figure  7  and  the  actual  signal  root  locations  for  the  two  transformation  types 
are  included  in  the  figure.  The  extremely  accurate  signal-root  placement  associated  with  the  use  of  Z 
suggests  that  the  orthogonality  criterion  Ze,-  J_  a.fj^(Dfj,k)-,  i  >  K,  k  <  K,  is  valid.  Also  note  that  the 
effects  of  the  filter  can  be  removed  via  deconvolution  without  appreciably  affecting  the  performance  of 
the  algorithm  as  indicated  by  the  locations  of  the  roots  associated  with  the  use  of  Z'. 

To  visualize  the  removal  of  the  passband  ripple  as  induced  by  the  filter  when  deconvolution  is  em¬ 
ployed,  an  example  involving  an  FIR  filter  designed  via  the  Parks-McClellan  [12]  algorithm  with  a  “large” 
passband  ripple  was  analyzed.  In  addition,  to  verify  the  validity  of  the  general  multirate  procedure,  an 
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N  =  90  sensor  array  with  Nb  =  6  beams  was  used  in  a  scenario  involving  decimation  by  a  non-integer 
fraction  D  —  11.25  =  45/4  which  is  less  than  the  maximum  allowable  value  of  Dmax  =  N/Nb  =  15. 
The  filter  was  designed  to  be  of  length  270;  note  that  the  filtering  is  accomplished  at  the  output  of  the 
interpolator  stage  {Dj  =  4).  The  sub-maximal  decimation  factor  allowed  for  a  wide  filter  transition 
band,  (l/4)(5/A^)7r  <  n  <  (1/4)(11/Af)7r,  which,  combined  with  a  frequency  band  weighting  favoring 
a  high  stopband  attenuation,  resulted  in  a  67  dB  stopband  attenuation  with  a  1.8  dB  passband  ripple. 
Plots  of  the  spatial  responses  of  the  filter  (dashed  line)  and  interpolated  beamformers  (solid  lines)  are 
presented  in  Figure  8.  The  beamforming  weight  vectors  were  interpolated,  by  a  factor  of  4,  to  allow  a 
visual  comparison  with  the  filter  response  curve. 

Figure  9  shows  the  response  of  the  Nb  =  6  transformed,  filtered,  and  decimated  beamforming  vectors 
along  with  the  spectrum  of  the  decimated  filter.  Note  that  the  decimated  filter  magnitude  spectrum 
(dashed  curve)  appears  to  follow  the  shape  of  the  beam  peaks. 

The  spectral  MUSIC  algorithm  was  employed  with  an  ideal  noise-only  beamspace  covariance  matrix  to 
compare  the  effects  of  using  Z  or  Z'.  As  this  situation  is  effected  using  E„E^  =  I,  the  MUSIC  spectrum 
characterizes  the  imparted  distortion  to  a  white  noise  input  spectrum  by  the  inclusion  of  filtering  or 
filtering  followed  by  deconvolution.  Figure  10  shows  the  MUSIC  spatial  spectra  for  a  noise-only  input 
employing  the  Z  and  Z'  techniques.  The  results  show  that  the  deconvolution  operation  was  effective 
in  removing  the  filter  shape  from  the  spectrum  leaving  only  a  slight  ripple  that  is  representative  of  the 
finite  spatial  window  associated  with  the  beamformer.  Again,  the  deviation  at  the  edges  of  the  spatial 
spectrum  from  the  anticipated  constant  level  is  expected:  the  beamforming  sector  does  not  extend  to  the 
edge  of  the  band  at  n  =  vjD. 

D.  TLS-ESPRIT  Incorporating  Multirate  Eigenvector  Processing 

As  with  a  previous  beamspace  Root- MUSIC  algorithm  [7],  the  beamspace  ESPRIT  formulation  of 
Xu,  et.al.  [8]  requires  a  rather  restrictive  specification  on  the  form  of  the  beamforming  vectors.  As  we 
will  see  in  this  section,  the  ULA  geometry  allows  an  ESPRIT  application  of  the  transformed-decimated 
beamspace  eigenvector  approach  of  section  B. 

Given  the  Nb-K  transformed  and  decimated  noise  eigenvectors,  define  an  Nz  x  {[Nz  -  Nb]  +  K) 
matrix  Ez,  whose  columns  form  a  subspace  that  is  orthogonal  to  that  formed  from  the  vectors  Ze,-, 
i  >  K.  An  efficient  means  of  computing  Ez,  is  by  way  of  a  QR  decomposition  of  ZE„.  Note  that  the 
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standard  ESPRIT  approach  employs  a  matrix  whose  K  columns  span  an  estimate  of  the  signal  subspace; 
here  we  have  a  set  of  vectors  in  whose  span  encompasses  the  (decimated  element-space)  subspace, 
since  Nz  >  Ni,.  Assuming  aliasing  effects  to  be  negligible,  we  have 

sp3iD.{aNz{D^j,k),  k  =  1, . C  range{E2,  }.  (24) 

Although  beamspace  signal  eigenvectors  are  not  transformable  to  their  element  space  counterparts, 
there  is  an  alternative  means  of  finding  a  set  of  vectors  that  are  related  to  the  beamspace  signal  eigenvec¬ 
tors  and  also  span  the  orthogonal  subspace  of  span  {Zei,i  =  A  -h  1,  ...,Nh].  The  matrix  trans¬ 

formation  Z  has  full  column  rank  so  that  the  orthogonal  subspace  of  span{Ze,-,i  =  K  +  l,...,Nb}  is 
expressible  as  a  collection  of  Nz  —  Nb  spanning  vectors  which  are  orthogonal  to  the  columns  of  Z  as  well 
as  K  vectors  lying  in  the  column  space  of  Z.  A  permissable  set  of  vectors  which  span  the  orthogonal 
subspace  are  the  columns  of 

Ez,  =  [z(Z^Z)-'ei:  >  (25) 

where  |  /3i,  ...,  |  is  a  set  of  vectors  that  span  the  subspace  orthogonal  to  the  column  space  of 

Z.  Notice  that  the  set  of  vectors  in  (25)  are  not  orthogonal  but  still  are  adequate  for  use  in  ESPRIT. 
In  addition  to  the  computational  savings  in  avoiding  a  QR-decomposition,  construction  of  Ez,  according 
to  (25)  also  allows  one  to  derive  the  theoretical  angle  estimation  performance  using  available  asymptotic 
expressions  for  the  beamspace  eigenvector  statistics  as  we  shall  see  in  Section  4. 

We  will  return  to  the  “over- specification”  issue  of  the  decimated  signal  subspace  in  this  section  and 
show  that  judicious  beamforming  and  filter  design  allows  for  proper  operation  of  a  suitably  defined 
ESPRIT  algorithm.  Assuming  that  the  beamforming  and  filtering  operations  produce  little  aliasing  effects 
so  that  Equation  (24)  is  a  reasonably  accurate  approximation,  we  may  define  a  TLS-ESPRIT  procedure 
to  estimate  the  directions  of  the  K  signal  arrivals  based  upon  the  Vandermonde  form  of  The 

algorithm  is  summaxized  as  follows. 

Summary  of  TLS-ESPRIT  Application  Algorithm 

1.  form  Nz  x  Nb  decimated-filtered-modulated  beamforming  matrix  a  priori;  Z  =  V T M.  {Nf  ]. 

Form  a  set  of  vectors,  i  =  1, ...,  Nz  —  Nb,  that  span  a  subspace  orthogonal  to  range{  Z  }. 

2.  EVD  of  1^  =  J2m=i  where  y(m)  =  W^x(m),  m  =  1, ...,  M. 
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3.  estimate  number  of  sources,  K,  and  form  the  matrix  composed  of  vectors  which  span  the 


estimated  decimated  signal  subspace:  Ez^  = 


z(z^z)-iei ; . . . :  z(z"z)-^e^.  :/3, : . . . 


4.  form  (Nz-1)  x  2(Nz-Nb  +  K)  matrix  =  Ei  IE2  where  Ei  and  E2  are  the  first  and  last 
Nz-1  rows  of  Ez,,  and  compute  the  2(Nz  —  Nb-hK)  x  2(Nz  —  Nb+K)  EVD  E^E^j,  =  ESE^ 


Ell  Ei2 
E21  E22 


5.  partition  E  into  (iV^-iVi  +  J^)  x  (A^z-iVft  +  /0  submatrices:  E  = 

6.  compute  the  (Nz—Nb+K)  x  (Nz—Nb+K)  EVD  — Ei2E22^  T$T  ^ 

7.  for  those  K  nearly  unit-magnitude  eigenvalues  A,-  =  estimate  the  corresponding  signal  arrival 
directions  as  Ok  =  sin~^{angle{\i}Xl2‘KdD) 


Location  of  Extraneous  Roots  Created  by  Filtering 

A  major  concern  is  that  the  extra  column  dimension  of  Ez,  over  the  Tf-dimensional  signal  subspace  will 
result  in  the  declaration  of  ambiguous  signals.  First  of  all,  note  that  we’ve  already  at  this  point  estimated 
the  number  of  signal  arrivals.  Here,  an  argument  is  presented  that  suggests  that  the  extraneous  roots 
will  not  lie  near  the  unit  circle.  This  claim  is  also  verified  via  a  simulation  example  presented  in  Section 

4. 

First,  note  that  in  the  case  of  ideal  decimation  where  the  filter  exhibits  a  perfect  low-pass  nature. 
Equation  (24)  applies.  From  the  summary  above,  recall  that  the  A:’th  diagonal  element  of  $  has  unit 
magnitude,  ^kk  =  .  Now  consider  the  inclusion  of  a  linear  filter  in  the  decimation  operation.  The 

aliasing  effects  caused  by  decimation  will  result  in  an  ESPRIT  signal  eigenvalue  that  will  not  have  a  unit 
magnitude  eharacteristic,  even  if  the  ideal  beamspace  covariance  matrix  is  available.  However,  a  judicious 
filter  and  beamformer  design  will  result  in  an  approximate  unit-magnitude  eigenvalue  characteristic. 

In  addition  to  ESPRIT  eigenvalues  directly  corresponding  to  signals,  assume  that  there  is  an  extra¬ 
neous  unit  magnitude  eigenvalue.  A,,  i.e., 

EiE^,  -  A,  r2E2r,  =  0. 

This  suggests  that,  in  addition  to  the  Vandermonde  components  arising  from  the  true  signals,  a  Vander¬ 
monde  vector  corresponding  to  the  angle  also  lies  in  the  decimated  signal  subspace.  Equivalently, 
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this  implies  a^^(Z)/i.)  is  orthogonal  to  the  range  of  ZEz,,  so  that 

[ZE„EfZ^]  =  0. 

Thus  the  spectrum  of  every  transformed  and  decimated  beamspace  noise  eigenvector  exhibits  a  null  at  the 
spatial  location  Dpi,.  By  design,  there  are  no  common  in-band  beamformer  nulls  and  the  filter  response 
is  also  non-zero  across  the  spatial  sector  of  interest  so  that  A.  must  be  an  ESPRIT  eigenvalue  associated 
with  a  signal  arrival. 

Refer  to  Figure  6  where  a  Hamming-weighted  LPF  was  employed  as  the  decimation  filter  applied 
to  noise  eigenvectors  generated  from  an  Nh  —  8  spatial  DFT  beamformer.  The  filter  has  an  associated 
spatial  response  that  is  relatively  flat  across  the  subband  and  there  are  no  common  in-band  nulls  in  the 
set  of  beamforming  vectors.  Note  that  the  only  nulls  in  the  MUSIC  null  spectrum  correspond  to  signal 
arrival  angles.  The  behavior  at  the  edges  of  the  band  is  expected  from  the  presence  of  a  root  near  at  a 
radius  of  0.9  as  shown  in  Figure  7.  As  a  result  of  the  relationship  between  the  ESPRIT  eigenvalues  and 
the  roots  generated  from  Root-MUSIC,  it  is  anticipated  that  an  extraneous  ESPRIT  eigenvalue  will  lie 
in  the  complex  plane  near  the  unit  circle  at  x  and  that  all  other  non-signal  eigenvalues  will  be  sufficiently 
displaced  from  the  unit  circle.  This  is  acceptable  since  these  eigenvalues  are  discarded  anyway  as  a  result 
of  previous  discussion.  In  summary,  an  ESPRIT  eigenvalue  with  a  nearly  unit  magnitude  suggests  the 
presence  of  a  signal  at  an  associated  spatial  angle  as  long  as  the  filter  and  beamforming  vectors  are 
judiciously  designed. 

4.  Theoretical  Performance  Analysis 

As  noted  in  Section  2,  the  use  of  conjugate  centro- symmetric  beamforming  architectures  in  conjunction 
with  uniformly-spaced  linear  arrays  with  phase  referencing  at  the  array  center  results  in  a  purely  real¬ 
valued  beamspace  manifold.  The  real-valued  property  of  the  manifold  allows  one  to  decompose  only  the 
real  part  of  the  sample  covariance  matrix  to  determine  the  signal  or  noise  subspaces  as  noted  in  [7,  9].  In 
addition  to  the  obvious  computational  advantages  of  a  real-valued  decomposition,  a  performance  benefit 
is  realized  through  the  decorrelation  of  correlated  signals  as  taking  the  real  part  of  the  beamspace  sample 
covariance  matrix  is  equivalent  to  applying  a  single  forward/ backward  average  in  element-space  prior  to 
beamforming  [7,  9].  In  uncorrelated  signal  environments,  the  real  and  complex- valued  procedures  result  in 
similar  performances  in  terms  of  estimation  variance;  however,  the  bias  is,  in  general,  smaller  with  the  use 
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of  real  covariance  processing.  As  a  result  of  these  advantages  as  well  as  the  applicability  of  either  approach 
with  regard  to  the  Root-MUSIC  and  ESPRIT  based  procedures  incorporating  eigenvector  decimation, 
we  derive  the  theoretical  performance  of  the  two  algorithmic  approaches  for  the  case  of  real-covariance 
processing.  Extension  for  the  case  of  complex  processing  is  readily  determined. 

Define  Ae,-  =  e,-  -  e^,  i  =  as  the  error  in  the  z’th  eigenvector  due  to  the  use  of  a  sample 

estimate  of  the  covariance  matrix  where  e,-  and  e,-  are  the  i’th  eigenvectors  obtained  from  the  beamspace 
sample  covariance  matrix  and  the  ideal  covariance,  respectively,  under  some  common  uniqueness  criterion. 
The  distribution  of  Ae^  was  shown  to  be  asymptotically  Gaussian  with  zero  mean  and  covariance  [9] 


S{MAekAeJ} 
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Ni  Ni 

=  E  E 


^mn£k 


—  1,  iif 
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Zi 
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(27) 

(28) 


To  allow  for  the  use  of  previous  MUSIC  [6,  9]  and  ESPRIT  [15]  performance  analyses,  it  is  assumed 
that  the  aliasing  effects  are  negligible.  As  noted  earlier,  the  assumption  is  valid  when  the  decimation 
operation  includes  a  judiciously  designed  filter  or  the  use  of  front-end  beamformers  with  very  low  out- 
of-band  responses.  The  condition  may  be  verified  by  observing  the  placement  of  the  (signal)  MUSIC 
roots/ESPRIT  eigenvalues  in  the  case  of  a  known  ideal  covariance.  Once  again,  the  Root-MUSIC  sig¬ 
nal  locations  for  the  motivational  example  shown  in  Figure  7  confirm  the  validity  of  the  assumption, 
particularly  in  the  case  where  deconvolution  is  not  employed. 

A.  Performance  Analysis  of  Root-MUSIC  Formulation 

The  asymptotic  variance  of  the  Root-MUSIC  estimator  is  readily  obtained  using  available  results 
when  assuming  orthogonality  between  the  transformed-filtered-decimated  beamspace  noise  eigenvectors 
and  the  decimated  element-space  manifold,  i.e.,  Z e,-  -L  a.j^^(^6k)  k  =  i  —  K  l,...,iV6. 

By  observing  that  the  spectral  and  Root-MUSIC  formulations  offer  the  same  asymptotic  performance  in 
terms  of  the  variance  as  shown  in  [6],  the  expression  for  the  spectral  MUSIC  estimate  variance  employing 
real-covariance  processing  in  [9]  can  be  easily  amended  to  the  case  at  hand.  Specifically,  the  null  spectrum 
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can  be  written  as 


J^mu{9)  =  a^f^)  ^  (Ze,)(Ze,)^  a;v,W 


=  a^^(0)Z  Iat,  -  E  e.  ef  Z^aA^.W. 


i=K+l 


Observing  the  results  in  [9],  the  asymptotic  variance  of  the  Root-MUSIC  estimator  is  easily  shown  to  be 
expressed  as 

°  2  (h  -  llY  I  I  ‘  ■f*'-  (30) 

where  M  is  the  number  of  snapshots,  k^zidi)  is  the  derivative  of  aAr2(^)  with  respect  to  9  evaluated  at 
9  =  9i,  and  (At ,  et),  ^=1,...,K,  are  the  signal  eigenvalues  and  corresponding  eigenvectors  of  the  real  part 
of  the  ideal  beamspace  covariance  matrix. 

B.  Performance  Analysis  of  ESPRIT  Formulation 

The  alternate  expression  in  Equation  (25)  for  the  decimated  signal  subspace  involving  the  transformed 
beamspace  signal  eigenvectors  and  a  non-random  basis  for  the  orthogonal  subspace  of  the  columns  of  Z 
allows  for  an  asymptotic  analysis  of  the  ESPRIT  formulation.  The  error  in  the  matrix  whose  columns 
form  a  basis  for  the  decimated  signal  subspace,  AE^,,  is  simply 


AE^,  =  [Z(Z^Z)-Aeii  ...  :Z(Z"Z)-'AeK:OA/2x0V,-iV,)J  •  (31) 

In  this  form,  the  error  is  only  a  function  of  the  error  in  the  eigenvectors  associated  with  signal  eigenvalues 
of  the  beamspace  covariance.  This  allows  for  an  cisymptotic  vaxiance  analysis  similar  to  that  found  in 
[15].  The  analysis  in  [15]  is  valid  for  the  Least-Squares  (LS)  and  Total  Least-Squares  (TLS)  versions  of 
ESPRIT.  The  variance  analysis,  for  real  beamspace  covariance  processing,  is  included  in  Appendix  A. 
The  asymptotic  variance  associated  with  the  i’th  angle  estimate  in  the  case  of  uncorrelated  sources  is 

+  mz  (lm{3;,(^)efQ!.}^  -  Im{xj(^)efQ:,}  Im{xj(fc)efai}^  ,  (32) 

i^k  J 

a,  =  (Z^Z)-'Z'^[ri-z.T2]'^([riEzjl)^qi,  (33) 


eK+i  ■  ■■■  'GNb 


where  f  denotes  pseudoinverse,  x,-  and  q;  are  the  right  and  left  eigenvectors  associated  with  the  i’th 
(signal)  eigenvalue  of  F  =  (riEzJ^r2E2,,  and  Fi  and  r2  are  {Nz  -  1)  x  Nz  matrices  that  select  the 
first  and  last  —  1  rows  of  a  matrix  with  Nz  rows,  respectively.  Note  that  the  expressions  contained 
in  Appendix  A  may  be  applied  to  the  more  general  case  of  correlated  signals;  only  the  result  for  the 
uncorrelated  signal  scenario  is  summarized  here  due  to  its  simpler  form. 

5.  Computer  Simulations 

A  number  of  computer  simulations  were  conducted  to  assess  the  validity  of  the  noise  eigenvector 
transformation/decimation  techniques  with  regard  to  angle  estimation.  Specifically,  the  theoretical  and 
empirical  standard  deviations  of  the  Root-MUSIC  and  TLS-ESPRIT  estimators  were  compared  in  a 
variety  of  source/processing  scenarios.  Also,  the  performance  of  the  decimation  approach  was  compared 
to  the  stochastic  Cramer- Rao  Lower  Bound  [4,  16]. 

Common  to  all  experiments,  600  trials  were  employed  to  derive  the  empirical  results  and  only  M  =  16 
snapshots  were  used  to  estimate  the  beamspace  covariance  matrix.  Although  this  situation  can  hardly 
be  classified  as  asymptotic  in  the  number  of  snapshots,  the  theoretical  performance  curves  were  observed 
to  compare  rather  closely  to  the  derived  experimental  results. 

The  empirical  standard  deviations  were  computed  in  a  variety  of  scenarios  involving  one  or  two 
uncorrelated,  closely-spaced  signals.  A  MUSIC  root  or  ESPRIT  eigenvalue  was  classified  as  arising  from 
a  signal  if  the  root/eigenvalue  location  was  within  a  0.15  radial  distance  from  the  unit  circle  and  lying  in 
an  angular  (decimated)  region  encompassing  85%  of  the  unit  circle,  i.e.,  in  the  region  [-0.857r,  0.857r].  All 
trial  runs,  including  those  unresolved  situations  where  only  one  signal  was  observed  in  the  neighborhood 
of  a  signal  pair,  were  used  to  compute  the  location  statistics. 

Experiment  1:  The  simulation  parameters  of  this  experiment  associated  with  the  array,  beamformer, 
and  decimation  components  axe  similar  to  those  outlined  in  the  example  of  Section  3,  namely,  an  = 
128  element  ULA  with  half- wavelength  spacing  was  operated  on  with  an  Ni,  =  8  channel  spatial  DFT 
beamformer.  The  spatial  window  wa^  centered  at  broadside  so  that  the  spatial  region  —NblN  <  sin0  < 
Nb/N  was  probed.  An  L  -  128  length  Hamming- weighted  low-pass  filter  was  employed  in  the  decimation 
procedure  configured  for  maximal  decimation,  i.e.,  D  =  N/Nb- 

Two  half- Rayleigh  spaced  signals  of  equal  power  were  embedded  in  additive  complex  Gaussian  noise 
so  that  a  sensor  level  10  dB  SNR  was  achieved.  To  assess  the  effects  of  signal  placement  within  the  spatial 
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beamforming  sector  on  the  estimation  variance,  the  center  of  the  signal  set  was  shifted  from  baseband 
(sin  (9  =  0)  to  the  edge  of  the  window  (sin  (9  =  8/iV).  The  empirical  standard  deviation  of  the  two  Root- 
MUSIC  angle  estimators,  i.e.,  those  formed  using  the  matrix  Z  as  well  as  the  deconvolved  version  Z', 
were  computed.  Note  that  the  dimension  of  Z  was  16  x  8  while  Z'  was  formed  by  adding  one  additional 
(remainder)  row  to  the  required  {Nb  +  1)  x  Nt  matrix  to  form  a  10  x  8  eigenvector  transformation.  The 
results  are  shown,  along  with  the  theoretical  prediction  as  obtained  from  Equation  (30)  and  the  stochastic 
Cramer-Rao  Lower  bound  [4,  16]  in  Figure  11. 

Several  comments  relating  to  Figure  11  are  in  order.  Although  the  number  of  snapshots  is  relatively 
small,  the  theoretical  performance  curve  is  still  a  reasonably  accurate  representation  of  the  empirically 
derived  result.  The  rippled  nature  of  the  variance  curves  is  due  to  the  limited  number  of  beams  that  are 
implemented  in  the  approach.  This  characteristic  is  the  result  of  a  varying  spatial  power  gain  as  similar 
to  that  depicted  in  Figure  10.  As  noted  in  [7,  9],  the  degradation  in  performance  near  the  band  edge 
suggests  the  need  for  sub-band  overlap  if  one  is  interested  in  the  detection  and  localization  of  all  signals 
across  the  visible  spatial  spectrum.  The  variance  of  the  estimate  at  the  extreme  right  edge  is  not  shown 
as  the  experimental  and  theoretical  curves  exhibit  an  exponential  rise.  In  the  central  region  of  the  band, 
however,  the  eigenvector  transformation- decimation  technique  is  seen  to  produce  an  accurate  estimate 
in  this  Root-MUSIC  formulation  as  evidenced  by  the  closeness  of  the  results  to  the  Cramer-Rao  Bound. 
Note  that  the  curves  related  to  the  theoretical  variance  associated  with  the  use  of  Z  and  the  Cramer-Rao 
Bound  overlap. 

Experiment  2:  Employing  the  same  decimation  transformations  as  in  Experiment  1,  the  variance  of 
the  Root-MUSIC  estimators  were  observed  for  a  varying  SNR  for  two  signals  located  at  10.6®  and  11.5®, 
as  used  in  the  motivational  example  of  Figures  2  through  7.  The  empirical  and  theoretical  standard 
deviations  were  computed  and  are  depicted  in  Figure  12. 

Note  that  the  theoretically  derived  curve,  defined  for  the  16  x  8  transformation  Z,  closely  tracks 
the  corresponding  empirical  counterpart  at  moderate  to  high  SNR  values.  The  deviation  at  the  lower 
SNR  values  is  attributed  to  the  signal-merging  effects  in  the  resolution  threshold  regime  of  operation  as 
noted  in  [9].  Although  the  stochastic  Cramer-Rao  Bound  is  based  upon  the  statistics  of  the  available 
beamspace  data  and  does  not  assume  the  presence  of  any  sub-optimal  techniques  such  as  decimation, 
the  Root-MUSIC  procedure  incorporating  decimation  is  readily  observed  to  essentially  offer  the  optimum 


55 


performance  associated  with  un-biased  estimators.  Also,  the  similarity  between  the  empirical  variance 
curves  corresponding  to  the  competing  approaches  (Z  versus  Z')  suggests  that  the  computational  savings 
associated  with  the  smaller  Root-MUSIC  polynomial  via  the  use  of  Z'  is  not  obtained  at  the  expense 
of  a  higher  estimation  variance.  In  fact,  simulations  have  shown  that  the  estimation  variance  is  usually 
smaller  for  decimation  architectures  incorporating  deconvolution.  However,  the  imperfect  deconvolution 
usually  results  in  an  induced  estimate  bias  as  will  be  observed  in  Experiment  3. 

Experiment  3:  The  main  purpose  of  this  experiment  is  to  show  that  the  filtering  operation  in  the 
decimator  may  not  be  warranted  in  certain  situations.  A  single  signal  was  positioned  at  1®  and  the 
bias  performance  was  studied  for  the  use  of  two  beamforming  architectures.  In  one  situation,  Ny  =  Q 
DFT  beams  were  formed  from  an  N  =  36  element  ULA.  The  beamspace  to  element-space  eigenvector 
transformation  was  configured  for  maximal  decimation,  D  =  6,  with  and  without  the  use  of  a  Parks- 
McClellan  equiripple  FIR  filter  exhibiting  approximately  50  dB  attenuation  in  the  stopband  region.  In  the 
other  beamforming  scenario,  a  practical  application  of  Nb  =  Q  Taylor  weighted  beams  [17],  exhibiting  a 
50  dB  sidelobe  level,  were  spaced  at  the  half-power  points  and  employed  in  a  similar  scheme  involving  the 
use/absence  of  additional  filtering  in  the  decimation  operation.  Note  that  the  latter  approach  will  produce 
an  angle  estimate  exhibiting  a  substandard  resolution  ability  due  to  the  attendant  wider  mainlobes  relative 
to  DFT  beams.  However,  this  methodology  is  often  required  in  practice  to  reduce  the  deleterious  effects 
of  sidelobe  clutter,  i.e.,  the  masking  of  signals  within  a  given  beam  by  a  strong  clutter  signal  in  the 
sidelobes  of  the  beam.  The  beam  spacing/aperture  weighting  associated  with  this  case  results  in  no 
common  spatial  nulls  amongst  the  beam  set  so  that  the  application  of  past  beamspace  MUSIC  [7]  and 
ESPRIT  [8]  formulations  is  precluded. 

The  empirically  derived  mean  location  estimates  were  determined  for  a  varying  SNR  for  various 
schemes  incorporating  the  two  beamforming  architectures  and  are  plotted  in  Figure  13.  Again,  the 
purpose  .here  is  not  to  compare  the  two  beamforming  approaches,  rather,  it  is  to  observe  the  effects  on 
performance  of  the  inclusion  of  a  filter  in  the  decimation  operation.  Also,  the  inclusion  of  a  filter  increases 
the  order  of  the  polynomial  to  be  rooted  thereby  increasing  computation  and  creating  extraneous  roots. 
With  reference  to  Figure  13,  note  that  the  use  of  a  filtering  operation  in  the  decimator  with  no  additional 
deconvolution  stage  results  in  essentially  an  unbiased  estimator  for  both  beamforming  architectures. 
As  observed  in  the  results,  the  Taylor-based  sensor  weighting  provides  sufficient  attenuation  so  that  a 
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negligible  aliasing  effect  is  incurred,  i.e.,  the  induced  estimation  bias  is  small.  However,  with  the  filter 
incorporated  into  the  decimation  operation,  the  imperfect  deconvolution  stage  imparts  a  small  bias  of 
— 0  02°.  Thus  the  filtering  operation  is  unnecessary  as  evidenced  in  the  bias  plot  and  a  smaller  standard 
deviation  should  be  realized  on  account  of  the  smaller  dimension  of  the  resulting  Root-MUSIC  polynomial. 

Essentially  the  opposite  is  observed  for  the  case  of  unweighted  spatial  DFT  beamforming.  Here  the 
sidelobe  levels  are  large  so  that  aliasing  effects  are  present  as  evidenced  by  the  top  curve  indicating  a 
0.05°  bias  in  the  unfiltered  mode  of  operation.  With  filtering  as  well  as  a  deconvolution  stage  included 
in  the  decimation  operation,  a  smaller  bias  of  0.025°  is  realized.  The  need  for  filtering  is  evident  from 
observing  the  required  dimension  of  the  transformation  Z'.  Comparing  the  necessary  row  dimension 
of  the  decimation  transformation  incorporating  deconvolution,  Z',  for  the  unweighted  DFT  and  Taylor 
beamformers,  the  required  sizes  were  10  x  6  and  7x6,  respectively.  These  required  sizes  were  determined 
according  to  the  criteria  discussed  in  Section  3. 

Experiment  4:  In  this  experiment,  we  test  the  validity  of  the  TLS-ESPRIT  formulation  of  the  noise 
eigenvector  transformation-decimation  procedure  and  verify  the  theoretical  variance  expression  of  Section 
4i,  Equation  (32).  The  source/processing  parameters  are  the  same  as  those  of  Experiment  2. 

The  theoretical  and  empirical  standard  deviation  were  computed  over  a  varying  SNR  and  the  results 
are  depicted  in  Figure  14.  The  results  show  that  the  performance  predictor  of  Section  4  accurately 
tracks  the  empirical  results.  Also,  the  variance  associated  with  the  decimation  architecture  incorporating 
a  filter  deconvolution  stage  outperforms  the  “undeconvolved”  counterpart.  To  verify  the  conjecture 
that  the  quiescent  locations  of  the  extraneous  eigenvalues  are  sufficiently  away  from  the  unit  circle,  the 
ESPRIT  eigenvalues  were  calculated  in  the  absence  of  noise  and  plotted  in  Figure  15.  Note  that  only  the 
eigenvalues,  interior  to  the  unit  circle  axe  plotted  as  the  closest  exterior  eigenvalue  is  located  at  a  radius 
of  5.4  (associated  with  the  Z  transformation).  Referring  to  Figure  15,  in  the  absence  of  deconvolution, 
two  “signal”  eigenvalues  appear  at  the  correct  location  and  the  eigenvalue  closest  to  the  unit  circle  of  the 
remaining  is  located  at  a  radius  of  0.62  and  an  angle  very  near  tt.  When  deconvolution  is  incorporated, 
the  closest  non-signal  eigenvalue  is  located  at  tt  at  a  radius  of  0.09.  However,  the  signal  eigenvalues 
exhibit  a  small  bias  at  the  perceived  (translated)  angular  locations  of  10.587°  and  11.465°. 

6.  Conclusions/Remarks 

We  have  developed  a  novel  approach  to  angle  estimation  in  the  beamspace  domain.  The  approach 
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offers  a  computationally  atti'active  and  non-restrictive  procedure  relative  to  the  type  of  beamformer 
employed  that  is  easily  implemented  in  the  MUSIC  and  ESPRIT  algorithms.  Theoretical  expressions 
for  the  estimate  variance  were  obtained  in  an  asymptotical  analysis  and  confirmed  in  a  variety  of  sim¬ 
ulations.  Although  the  technique  was  applied  to  the  uniform  linear  array  geometry,  an  extension  to  a 
two-dimensional  array  to  provide  simultaneous  azimuth/elevation  angle  estimates  is  evident  and  currently 
under  investigation. 


Appendix:  Asymptotic  Variance  of  ESPRIT  Formulation 

Given  that  Zi  is  a  (signal)  unit-magnitude  eigenvalue  of  the  matrix 

F  =  (riEzjt(r2Ezj  =  [(riE^j^(raEzJ]^(riEzJ^(r2E^j,  (35) 

with  Xi  and  q,-  the  corresponding  right  and  left  eigenvectors,  Rao  and  Hari  [15]  showed  that,  to 

Az,  =  qf  AFx,.  (36) 


The  error  in  F,  AF,  due  to  the  finite  sample  estimation  of  the  beamspace  covariance  matrix  is 

AF  =  {TiEz,y  {T2AEZ,)  -  (riE^,)t(r^AE^jF,  (37) 

which  is  applicable  to  either  the  Least  Squares  (LS)  or  Total  Least  Squares  (TLS)  versions  of  ESPRIT. 

Substituting  the  form  of  AE^,  in  Equation  (31)  into  Equation  (36),  one  obtains 

K  K 


£{|Az,p}  =  o" 


Xi(k)x-{e)S{AetA^J] 

.  kz=:l  ^=1 

“  K  K 

{z*fE{{Azif}  =  Xi{k)xi{e)S{AekAeJ} 

.k=ie=i 


oci 


(38) 

(39) 


where  cx.  and  the  signal  eigenvector  error  statistics  were  stated  in  Equations  (33)  and  (26),  respectively. 
Following  [15],  these  quantities  are  then  substituted  into 


£{(A«i)P  = 


A 

2 

rf{|Az.n  -Re{(z?)^£{(Azi)q}] 

2TrdD  cos  9i 

2 

(40) 


to  yield  the  desired  theoretical  asymptotic  estimation  variance. 

In  the  case  of  uncorrelated  signals,  the  asymptotic  error  in  the  signal  subspace  eigenvectors  become 

(41) 


£{AeiAen  =  ^^E 


j,  (1  ^fc^)  T 

e^  ei  -  . 


2M  t:.  -  ^-)^  2M  (A,  ^  A,)2 

m:^k 
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After  substituting  and  simplifying  (the  algebraic  details  are  omitted  here  due  to  space  limitations),  the 
asymptotic  variance  of  the  ESPRIT  angle  estimate  for  uncorrelated  sources  reduces  to 

.2 


£{(A«i)n  = 


A 

^  1  • 

2xdD  cos  di 

2M 

K  K 


lk=l  ^71/ 

'^Im|a:,(^)efaT  -  lni\^Xi{£)eJai^lm\^Xi{k)elai^ 


(42) 


where  E„  is  an  Ni,  x  {Nb  —  K)  matrix  composed  of  the  noise  eigenvectors  associated  with  the  ideal 
beamspace  covaxiance. 
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spectrum  (dB) 


Fiffure  4:  Null  Snectnim  After  Modulation  and  Filter  Resoonse 


Figure  5:  Null  Soectrum  After  HarnTninff  Window  Ra.sed  Randna^ss  Filteriu] 


Figure  6:  Null  Spectrum  After  Decimation  By  Factor  of  128/8  =  16 
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Figure  7:  Roots  Using  Modulated-Filtered-Decimated  Noise  Eigenvectors 


Direction  Sine 


Figure  9:  Decimated  Filter/Beamformer  Spectra 
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Figure  10:  EiFects  of  Filter  Deconvolution  on  White  Noise  MUSIC  Spectrum 


Figure  11;  Experiment  1:  Left  Signal  Standard  Deviation  vs.  Signal  Set  Location  Within  Subband 


Figure  12:  Experiment  2:  Left  Signal  Standard  Deviation  vs.  Source  SNR 
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Fiecure  13:  Experiment  3:  Location  Bias  vs.  Source  SNR 


Figure  14:  Experiment  4:  Left  Signal  Standard  Deviation  vs.  Source  SNR 
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'o'  -  Eigenvalues  Associated  with  16x8  Z 
'x'  -  Eigenvalues  Associated  with  10  X  8  Z 

Figure  15:  Experiment  4:  Quiescent  Locations  of  the  ESPRIT  Eigenvalues 
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3  Multidimensional  Multirate  DO  A  Estimation  in  Beamspact 

TThe  ID  multirate  approach  developed  in  the  previous  section  is  extended  to  the  more  general 
case  of  2D  angle  estimation  with  a  uniform  rectangular  array  (URA)  of  sensors.  Multidimen¬ 
sional  multirate  processing  is  employed  to  ultimately  yield  a  small  order  polynomial  in  two 
variables.  Again,  due  to  the  linearity  of  the  2D  filtering  and  2D  decimation  operations,  the 
actual  algorithm  merely  premultiplies  each  beam  space  noise  eigenvector  by  a  precomputed 
transformation  matrix.  To  avoid  the  spectral  search,  despite  the  fact  that  the  fundamental 
theorem  of  algebra  does  not  hold  in  2D,  we  propose  taking  the  orthogonal  complement  of  the 
resulting  transformed  noise  eigenvectors  and  applying  a  novel  version  of  ESPRIT  facilitating 
closed-form  2D  angle  estimation.  Simulations  demonstrating  the  efficacy  of  the  approach  are 
presented  along  with  theoretical  performance  analysis. 

3.1  Introduction 

3.2  Array  Geometry 

3.3  Beamforming 

3.4  Eigenanalysis 

3.5  TLS-ESPRIT 

3.6  Bandlimiting  the  Response 

3.7  Further  Reductions  in  Complexity 

3.8  Algorithm  Summary 

3.9  Performance  Analysis 

3.10  Computer  Simulations 

3.11  Conclusions 

3.12  .  Appendix:  Characterizing  the  Asymptotic  Error 

3.13  References 

3.14  Figures 
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1  Introduction 


The  eigenstructure  based  Spectral  Music  Algorithm  of  Schmidt  [1]  has  become  the  standard  for 
estimating  the  Direction  of  Arrival  (DOA)  of  narrowband  plane  waves  impinging  upon  a  sensor  array. 
Unfortunately  the  required  spectral  search  is  a  burdensome  task  for  ID  arrays  and  computationally 
pohibitive  for  2D  arrays.  Two  well  developed  methods  for  reducing  this  complexity  are  beamforming 
techniques  [5]  and  Esprit  [4]  [6].  Beam  space  methods  reduce  the  complexity  from  the  number  of 
array  sensor  elements  to  the  number  of  beams  used  to  probe  a  given  sector  or  subband.  Furthermore, 
in  the  Ccise  of  a  uniform  linear  array  (ULA),  beam  space  techniques  yield  an  implementation  (Beam 
space  Root-Music)  that  allows  one  to  solve  for  the  arrival  angles  by  rooting  a  small  order  polynomial. 
Alternatively,  Esprit  places  a  minor  restriction  on  the  array  geometery  and  then  determines  the 
arrival  angles  from  the  eigenvalues  of  a  rotation  matrix. 

For  maximum  computational  savings,  a  beam  space  formulation  of  Esprit  has  been  de¬ 
sired,  but  previous  attempts  have  resulted  in  restrictive  requirements  on  the  beamformer.  Recently 
Zoltowski  and  Kautz  [2]  [3]  developed  a  beam  space  formulation  of  Esprit  for  ID  ULA’s  that  works 
with  any  type  of  front  end  beamformer.  The  new  approach  is  beised  on  the  observation  that  beam 
space  noise  eigenvectors  may  be  transformed  to  vectors  in  the  element  space  noise  subspace,  which 
are  bandpass  and  exhibit  nulls  at  the  location  of  inband  sources.  This  facilitates  multirate  pro¬ 
cessing  involving  modulation  to  baseband,  filtering,  and  decimation.  From  the  linearity  of  these 
operations,  the  actual  algorithm  need  only  need  premultiply  each  beam  space  noise  eigenvector  by 
a  simple  transformation  matrix  that  is  computed  apriori.  The  resulting  “telescoped”  noise  eigen¬ 
vectors  yield  a  small  dimensional  element  space  noise  subspace  which  is  used  to  obtain  a  small 
dimensional  signal  subspace  where  the  Esprit  algorthm  can  be  applied. 

With  the  combined  advantages  of  beam  space  processing  and  Esprit,  multidimensional  DOA 
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estimation  becomes  computationally  feasible.  This  paper  extends  the  beam  space  approach  to  the 
more  general  case  of  2D  angle  estimation  with  a  uniform  rectangular  array  (URA).  Multidimensional 
multirate  processing  is  employed  to  ultimately  yield  a  small  dimensional  signal  subspace.  Again, 
due  to  the  linearity  of  the  2D  filtering  and  2D  decimation  operations,  a  simple  transformation 
matrix  is  computed  apriori  so  that  the  actual  algorithm  need  only  premultiply  each  beam  space 
noise  eigenvector  by  this  matrix. 

Directly  applying  the  ID  Esprit  algorithm  to  the  URA  would  require  two  separate  appli¬ 
cations  of  Esprit,  one  for  each  direction.  This  estimates  the  two  direction  angles  independently 
and  leads  to  the  problem  of  how  they  can  be  paired.  Alternatively,  a  novel  version  of  Esprit  is 
developed  that  estimates  the  two  directions  from  a  singal  eigenvalue  eigenvector  pair.  Hence  they 
are  automatically  coupled. 

The  paper  is  organized  as  follows.  The  array  geometry  and  data  model  are  described  in 
Section  2  and  the  beamforming  process  is  briefly  reviewed  in  Section  3.  The  eigen  characteristics 
of  the  system  are  developed  in  Section  4  and  multirate  processing  techniques  are  applied  to  the 
eigenvectors  in  Section  5.  The  applicability  of  the  Esprit  algorithm  is  verified  in  Section  6.  Section 
7  addresses  the  issue  of  bandlimiting  the  beamformer  response  and  Section  8  describes  some  further 
reductions  in  computational  complexity.  Finally  in  Section  9  the  proposed  2D  Multirate  Esprit 
Algorithm  is  presented.  A  theoretical  performance  analysis  is  presented  in  Section  10  and  computer 
simulations  are  examined  in  Section  11.  A  few  concluding  remarks  are  included  as  Section  12. 
The  notation  used  in  this  paper  indicates  vectors  by  lower  case  bold  letters  and  matrices  by  upper 
case  bold  letters.  The  Hermitian,  conjugate  transpose,  wiU  be  denoted  by  a  superscript  H  and  the 
conjugate  will  be  denoted  by  a  superscript  *. 
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2  Array  Geometry 


The  axray  geometry  considered  in  this  paper  is  a  rectangular  array  comprised  of  M  elements  in  the 
X  direction  and  N  elements  in  the  y  direction  uniformly  spaced  by  =  Aj,  =  Ao/2  (see  Figure  1). 
To  specify  the  source  directions,  define  x,  y,  and  z  to  be  unit  vectors  along  the  coordinate  axes  and 


Figure  1;  Array  Geometry 


Oa;,  ay,  az  to  be  the  angles  between  a  vector  and  the  respective  coordinate  axis.  If  y,  is  a  unit  vector 
normal  to  a  plane  wave  emanating  from  the  source,  then  pi  =  cos{az:i)x  +  cos(Q;j,i)y  +  cos(q:zJz. 
These  direction  cosines  are  converted  to  azimuth,  9,  and  elevation,  p,  angles  as  cos  ax^  =  cos  6i  sin  <j>i 
and  cos  ay;  =  sin  0,- sin  (see  Figure  2). 

Define  an  arbitrary  reference  point  to  be  r  =  (xr,  2/r,0)  =  (^:r A^, Ay,  0)  and  let  rk,i  be  a 
vector  from  r  to  the  k,  1*’^  sensor.  Then  ru,i  =  {k  -  kr)  A^x  +  (/-/,.)  Ay^.  Assuming  that  the  signals 
are  narrowband  with  common  center  frequency  Uq,  the  response  of  the  k,  sensor  to  the  source 
at  time  t  can  be  written  as 


(1) 


Because  sin((^)  =  sin(7r  —  <f>),  a  signal  with  direction  angles  (0,  p)  and  a  signal  with  direction  angles 
[9,  TT  —  <f>)  will  have  the  same  array  response.  This  produces  a  directional  ambiguity  that  is  inherent 
to  uniform  rectangular  arrays  (URA).  To  see  how  this  ambiguity  manifests  itself  notice  that  if  p 
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Figure  2:  Angle  Definitions 

corresponds  to  a  direction  from  above  the  array,  (j)  €  [0,^],  then  t  —  (f)  corresponds  to  a  direction 
from  below  the  array,  tt  —  <f>  £  [f,7r]..  Therefore,  the  direction  of  arrival  (DOA)  of  a  signal  can  only 

be  resolved  to  two  possibilities,  one  from  above  the  array  and  one  from  below  the  array.  This  is  a 

significant  reduction  from  the  directional  ambiguity  of  a  uniform  linear  array  (ULA)  which  consists 
of  a  cone  encircling  the  array.  Since  the  sensor  array  will  generally  be  mounted  on  a  platform  or  the 
body  of  a  plane,  the  ambiguity  can  be  removed  by  assuming  that  all  signals  impinge  from  above 
the  array.  To  facilitate  this  assumption,  the  angles  are  restricted  to  the  raxiges  9  G  [-7r,7r]  and 
(f)  £  [0,  |],  ajid  the  spatial  frequency  variables  y,  and  i>  are  defined  as 

y  —  ^ Aj,  cos  ^  sin  =  Trcos^sin^  €  [— tt,  tt] 

Ao  •  ^2) 

V  =  ^Aj,sin0sin<?i  =  ';rsin0sin<^  G  [— tt,  tt]  . 

The  azimuth  and  elevation  angles  can  be  recovered  from  the  spatial  frequencies  by  noticing  that 
9  =  arctan  and  (j)  =  arcsin  •  Where  the  full  four  quadrant  inverse  tangent  is  used. 

With  these  spatial  frequency  variables,  equation  (1)  becomes 

For  notations!  convenience  X(m)  will  be  used  to  denote  the  matrix  obtained  by  sampling 
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the  array  at  time  tm  and  X®(m)  will  denote  the  array  response  due  to  the  signal  at  time  tm 


where  m  is  the  snapshot  index.  Using  equation  (3)  X*(m)  is  given  by 

1 


X‘(m)  = 


(4) 


a-Mild)  = 

aAr{z/)  = 

[l,  •- 

The  term  is  an  arbitrary  phase  common  to  all  sensors,  that  is  determined  by  the 

reference  point.  Choosing  the  origin  as  reference  point  (kr  =  U  =  0),  yields  an  element  space 
array  manifold,  i.e.  the  array  response  viewed  as  a  function  of  fj,  and  i/,  of  the  form  Aa/jv(a^,  i^)  = 
Where  and  a/vCi')  are  defined  to  be  the  one  dimensional  uniform  linear  array 

(ULA)  manifold  vectors. 

?M 

(5) 

i„{„)  i  [l,  e'", 

The  snapshot  of  the  array  due  to  all  d  impinging  signals  can  now  be  written  as 

d-i 

X(m)  =  +  N(m)  (6) 

i=0 

Where  Nk,i{m)  is  measurement  noise  associated  with  the  snapshot  of  the  k,  sensor,  and 
N(m)  is  the  M  x  N  noise  matrix. 

It  is  useful  to  view  the  array  response  as  an  MN  x  1  vector  as  well  as  an  M  x  TV  matrix. 
To  facilitate  conversions  between  these  forms,  consider  the  operator  vec  that  maps  an  M  x  iV 
matrix  to  an  MN  x  1  vector  by  concatenating  its  columns,  and  the  inverse  operator,  mat,  that 
maps  an  MN  x  1  vector  to  an  Af  x  iV  matrix  by  using  M  consecutive  elements  of  the  vector  for 
each  column  of  the  resulting  matrix.  If  Q  is  an  arbitrary  matrix  with  columns  denoted  q*,  then 


uec(Q)  = 


T  T 

qi , 


T 

q^ 


.  If  q  is  an  arbitrary  vector  and  q(fc  :  1)  denotes  its  through 
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Table  1:  Properties 


PI  :  Viv  (8)  xm  =  'yec(xMV^) 

P2  :  =  mat(viv  (8)Xa/) 

P3  :  vec  (ADB)  =  (B^  (8)  A>ec(D) 

P4  :  (A  0  B)^  =  (A^  0  B^) 

P5:  (A0B)(C0D)  =  (AC)  0  (BD) 

elements,  then  mat{q)  =  [q(0  :  M  -  1)  |  . . .  |  q{MN  -  M  ;  MN  -  1)] .  The  following  example 


illustrates  these  operators: 

1\ 

13  5 
2  4 

mat  ^[1,  2,  3,  4,  5,  6, 


vec 

V 


[1,2,  3,  4,  5,6]^ 

13  5 
2  4  6 


Some  important  properties  of  uec,  mat^  and  the  Kronecker  product,  0,  are  listed  in  Table  1  (see 


also  [9]).  Most  notably.  Property  1  allows  the  array  response  to  be  written  in  vector  form  as 

d-i 

x(m)  =  vec(X(m))  =  ^  3,(m)aMiv(/^t,  t'i)  +  n(m)  =  Ajw’N's(77i) -t- n(m).  (7) 

i=0 

Where  s(m)  is  the  vector  of  signal  amplitudes,  ajvf7v(/i)  t')  is  the  array  manifold  in  vector  form,  and 
the  columns  of  Amn  are  the  signal  steering  vectors,  i.e.,  the  array  manifold  evaluated  at  the  spatial 
frequencies  corresponding  to  the  signal  directions. 

s(m)  =  [so(m),  ...,  Sd_i(m)]^  (8) 

aMiv(/i,  2^)  =  uec(AA/iv(/i,  J'))  =  ajv(i^)  ®  (9) 

AmN  =  [aAfw(/2o,  2^o)  1  •••  I  ■  (19) 


The  element  space  signal  subspace  is  defined  to  be  the  column-space  of  Amn,  <5e  =  '^{Amn},  and 
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the  element  space  noise  subspace  is  defined  to  be  the  orthogonal  complement  of  Sg.  Since  Amn  is 
MN  X  d,  5e  is  a  d  dimensional  subspace  of  MN  dimensional  space. 


3  Beamforming 

Now  consider  the  class  of  separable  two  dimensional  beamformers.  Let  be  an  arbitrary  M  x  Mb 
beamforming  matrix  (with  Mb  <  M)  for  the  n  spatial  frequency.  The  row  of  denoted 
forms  a  beam  for  a  specific  frequency  in  the  desired  range.  is  defined  in  a  similar  fashion  for 
the  u  spatial  frequency.  Using  in  conjunction  with  w*^  a  beam  is  generated  for  a  specific  2D 
frequency  in  the  subband  of  interest.  Therefore,  the  Mb  x  Nb  beam  space  snapshot  matrix  is  formed 
as  Y(m)  =  WJX(  m)W*,  and  the  MbNb  x  1  beam  space  snapshot  vector  is  given  by  y  =  uec(Y). 
Using  Property  3  from  Table  1  these  can  be  written  as 

Y(m)  =  WfX(m)W:  =  +  WfN(m)W: 

-0  (11) 

y(m)  =  uec(Y(m))  =  [wf  O  Wf]  +  [wf  ®  Wf]  n(m). 

Therefore,  the  beam  space  array  manifold  is  described  by 

B(/^,t/)  =  WfAMN(/^,^^)W:  (12) 

=  [Wf  (8)Wf]aMiv(/i,i/)  =  [wfaA,(z/)]  ®  [wfaM(/^)]  (13) 

B  =  [b(/io,^'o)  I  1  h{nd-i,i/d-i)]-  (14) 

Finally  the  beam  space  signal  subspace,  Sb,  is  defined  to  be  the  d  dimensional  subspace  of  MbNb 
dimensional  space  that  is  spanned  by  the  columns  of  H,  and  the  MbNb  —  d  dimensional  beam  space 
noise  subspace  is  defined  to  be  the  orthogonal  complement  of  Sb- 

At  this  time  it  should  be  noted  that  the  beamformer  need  not  be  separable.  This  assumption 
was  made  because  the  separable  nature  of  the  array  structure  leads  directly  to  separable  beamform- 
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ers.  In  vector  form,  nonseparable  beamformers  modify  equation  (11)  by  replacing  0  with 
an  arbitrary  MN  x  MbNb  matrix  W6. 

4  Eigenanalysis 

Using  equation  (7)  and  assuming  that  the  measurement  noise  is  zero  mean,  uncorrelated  between 
sensors,  and  has  equal  power  cr^,  the  MN  x  MN  element  space  autocorrelation  matrix  is 

R,  =  E  {x(n)x(n)^}  =  ARsA^  +  (15) 

It  has  been  observed  [4]  that  the  eigenvectors  of  Rj,  corresponding  to  the  d  largest  eigenvalues  form 
a  basis  for  <?e  and  the  remaining  eigenvectors  of  Rj,  form  a  basis  for  S^.  Under  the  assumption  of 
orthonormal  beams,  the  MbNb  x  MbNb  beam  space  autocorrelation  matrix  has  the  form 

Ry  =  [wf  0  Wf  ]  ^R,^^  [W,  0  W^]  +  <7^1  =  BRsB^  +  (16) 

The  eigenvectors  of  Rj,  are  also  divided  into  two  sets,  the  “beam  space  signal  eigenvectors”  {f,-  : 
i  =  0,...d  -  1}  that  form  a  basis  for  Sb,  and  the  “beam  space  noise  eigenvectors”  {fj  :  j  = 
d,...  MbNb  —  1}  that  form  a  basis  for  S^. 

If  the  number  of  signals,  d,  is  unknown  it  can  be  estimated  at  this  time  using  the  AIC  or 
MDL  methods  of  [10].  Therefore,  in  all  further  developments,  it  will  be  assumed  that  d  is  known. 

Since  the  “beam  space  noise  eigenvectors”  lie  in  they  are  orthogonal  to  the  beam  space 
signal  steering  vectors,  i.e.,  b^(/i,-,  =  0  for  all  i  =  0, . . .  d  —  1  and  j  =  d, . . .  MbNb  —  1.  Recalling 

equation  (13)  yields  the  following  important  result. 

0  =  =  [(Wf  0Wf)aA/iv(^pJ^.-)]"^ff  =  a^^(/Zi,t/.-)[(W,0W^)f,]  (17) 

This  shows  that  the  matrix  W„  0  maps  the  beam  space  noise  eigenvectors,  fj,  to  the  element 
space  noise  subspace,  [3].  However,  there  are  only  MbNb  -  d  beam  space  noise  eigenvectors,  so 
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this  mapping  does  not  yield  a  complete  basis  for  S^. 

The  general  Music  algorithm  exploits  the  orthogonality  between  the  beam  space  noise  eigen¬ 
vectors  and  the  signal  steering  vectors,  by  forming  the  beam  space  Music  null  spectrum  5j5(/x,  i/). 

SbM  =  E  =  E  |aSMW„F,Wja;VW|  (18) 

Where  Fj  is  defined  to  be  the  beam  space  noise  eigenvector  written  in  matrix  form  (Fj  =  mat{fj)). 
Signal  directions  are  then  estimated  from  values  of  pi  and  v  corresponding  to  nulls  in  Sb{p,  t')-  Two 
well  established  problems  with  this  method  [4]  are  that  the  array  manifold  must  be  known  and 
stored,  and  the  search  over  a  two  dimensional  space  can  be  computationally  prohibitive. 

5  Multirate  Processing  of  Beam  Space  Noise  Eigenvectors 

In  an  effort  to  circumvent  these  problems,  notice  that  the  crux  of  the  beam  space  Music  null 
spectrum  are  the  M  x  N  telescoped  [3]  beam  space  noise  eigenvectors  Gj  =  W^FjW^  {j  = 
d, . . . ,  MbNb  —  1)  and  i^)  =  a^(//)Gj  a^(i/)  is  the  two  dimensional  Discrete  Space  Fourier 

Transform  of  Gj.  Letting  Fj{k,  1)  denote  the  k,  element  of  Fj  yields 

Mb^l 

=  a£{,<)W„FiWja;,(..)  =  E  E  ■  («) 

Jt=0  1=0 

Since  Wfjj.  and  Wy,  form  a  beam  in  the  desired  subband,  aj^(/^)w^^w^a]^(i/)  is  a  bandpass  function 
of  fi  and  1/  for  all  k,l.  Consequently  Gj(/x, ;/)  is  a  bandpass  function  of  p  and  u.  Without  loss 
of  generality,  assume  that  the  MbNb  beams  encompass  the  spatial  subband  defined  by  — tt  < 

M  ^  ^  ^  ^  ^  (■^)  have  sufficiently  low  out  of  band  sidelobes.  Then  the 

beamformer  response  is  negligible  outside  this  subband,  i.e.,  Gj(p,  i/)  «  0  for  <  \p  \  <  r  and 
^TT  <  I  i/ 1  <  TT,  so  Gj  can  be  decimated  by  dr  =  ;^  and  dy  =  ^  without  incurring  a  significant 
amount  of  aliasing.  (Note:  Gj  can  always  be  modulated  to  baseband  and  filtered  to  make  this 
assumption  valid.  See  section  7). 


The  decimation  process  can  be  modeled  mathematically  as  premultiplying  Gj  by  and 
postmultiplying  by  where  and  are  the  Mt,  x  M  and  x  N  decimation  matrices.  For 


example  if  =  2  and  M  =  6 


1  0  0  0  0  0 


[  0  0  0  1  0  0  J 

Therefore  the  decimated  telescoped  beam  space  noise  eigenvectors  are  given  by 

Hj  =  D.GiDj  =  (D.WJFUD.WJ’’  (V,xiV») 

hi  =  t,ec(Hi)  =  [(D,Wj0(D.W„)lfi  {MM  x  1) 

for  j  =  d, . . . ,  MbNb  —  1. 

It  is  important  to  note  that  since  decimation  is  a  linear  operation  it  can  be  performed  apriori 
on  the  telescoping  matrices.  Furthermore,  fractional  sampling  rate  alterations  can  be  effected  by 
replacing  with  where  I*  represents  an  interpolation  matrix  and  represents  filtering. 

The  space  spanned  by  the  decimated  telescoped  beam  space  noise  eigenvectors,  hj,  will  be  referred 
to  as  as  Sj". 

Since  is  Mb  x  Nb,  it  has  a  2D-DSFT  given  by  Hjin.i/)  =  where 

and  a7V(,(v)  are  defined  analogously  to  equation  (5).  By  standard  Multirate  analysis  [13]  the  rela¬ 
tionship  between  and  is 

=  '  (21) 

p=o  g=0  \  "y  / 

Since  the  beamformer  response  is  negligible  outside  the  subband,  i')  ~ 

—ir<fJ.,v<T  and  therefore 

Hj{d^lii,dyVi)  =  =  0.  (22) 

dxdy  dxdy 

This  shows  that  the  decimation  process  preserves  the  in  band  source  nulls  and  increases  their 
separation  by  a  factor  of  d^  and  dy.  Hence,  the  beam  space  Music  null  spectrum  (18)  could  be 
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reformulated  as 

MbNb-l  MbNb-l 

SbM  =  E  =  E  (23) 

j=d  j—d 

thereby  reducing  the  computational  intensity  of  each  evaluation  of  Sb{iJ-^  i^)- 

In  the  one  dimensional  case,  this  search  can  be  removed  by  defining  z  =  and  writing  Sb 
as  a  polynomial  in  z.  Signal  directions  are  then  obtained  from  the  roots  of  Sb-  This  procedure, 
refered  to  as  Root-Music  [5],  has  always  been  theoretically  possible  for  the  two  dimensional  case, 
but  the  lack  of  2D  rooting  algorithms  has  precluded  its  use  in  practice.  However  the  efficient  2D 
rooting  algorithm  recently  proposed  by  someone  [15]  has  made  2D  Root-Music  a  viable  option. 

It  is  well  known  that  the  Esprit  algorithm  [4]  offers  another  alternative  to  the  spectral  search 
of  Music.  In  an  effort  to  apply  Esprit,  notice  that 

dyU{)  =  =  Q.j^f^ffJ^dxHi-idyVi)h.j.  (24) 

Comparing  equations  (22)  and  (24),  it  is  seen  that 

dyi/i)hj  =  0  Vi  =  0,...,d— 1  and  j  =  d^...,  Mf,Nb  -  1.  (25) 

This  shows  that  the  decimated  telescoped  noise  eigenvectors  form  a  complete  basis  for  a  lower 
dimensional  element  space  noise  subspace  <5^".  Therefore,  the  orthogonal  complement,  Sj,,  is  a 
lower  dimensional  element  space  signal  subspace.  This  space  will  be  refered  to  as  the  decimated 
signal  subspace,  even  though  it  is  not  obtained  by  decimating  the  signal  subspace. 

Before  showing  that  Sd  has  the  Esprit  structure,  it  is  useful  to  summaxize  the  preceding 
results.  The  original  array  response  resided  in  the  element  space  signal  subspace  which  is  a  d  di¬ 
mensional  subspace  of  MN  dimensional  space  defined  as  <Se  =  span  ^t)  i  =  0, . . . ,  d  —  1}  . 

Due  to  the  array  geometry,  this  space  has  the  Esprit  structure,  however,  the  array  response  is  an 
M  X  N  matrix  (or  MN  x  1  vector)  which  can  make  computations  unwieldy.  Since  the  signals  are 
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known  to  be  in  a  certain  subband,  a  beamformer  is  applied  that  imposes  a  bandpass  characteristic 
on  the  array  response,  which  can  then  be  decimated  without  incurring  aliasing.  This  reduces  the 
signal  space  to  a  d  dimensional  subspace  of  an  MbNb  dimensional  space  and  yields  matrices  that 
are  only  Mb  x  Nb.  However  in  the  beamforming  process  the  Esprit  structure  is  lost.  This  structure 
can  be  restored  by  decimating  and  telescoping  in  the  noise  subspace,  then  converting  back  to  the 
orthogonal  complement  (see  Figure  3).  It  is  important  to  notice  that  the  element  space  signal  eigen¬ 


vectors  which  are  obtained  directly  from  the  element  space  correlation  matrix  cannot  be  decimated 
because  they  are  not  bandlimited.  The  beam  space  signal  eigenvectors  are  not  telescoped  because 
this  does  not  yield  vectors  in  the  element  space  signal  subspace.  Hence  they  will  not  have  not  have 
the  Esprit  structure.  However  telescoping  and  decimating  the  beam  space  noise  eigenvectors  yields 
a  space  that  is  the  orthogonal  complement  to  a  smaller  dimensional  element  space  signal  space. 

6  TLS“Esprit 

It  remains  to  show  that  Sd  does  indeed  have  the  Esprit  structure.  The  Esprit  algorithm  requires 
an  array  formed  by  “sensor  doublets”  that  are  separated  by  a  constant  displacment  vector  [4].  This 
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can  be  accomplished  by  viewing  the  Mi,  x  Nb  rectangular  array  as  two  overlapping  Mt  x  {Nb  —  1) 
subarrays  with  Mb{Nb  —  2)  common  elements  (see  Figure  4a).  The  resulting  subarray  manifolds  are 


An 


.  r.- 


“."1 


An 


(a) 


(b) 


Figure  4:  Array  Partitioning 


given  by  the  first  and  last  iVj  —  1  columns  of  Mathematically  this  can  be  modeled  as 

AivfbJVfcC/^,  J^)ri  and  where  Ti  and  r2  are  the  first  and  last  Nb  -  I  columns  of  the 

Nb  X  Nb  identity  matrix.  For  example,  if  =  3,  Fi  and  r2  are  as  follows; 


1  0 

0  0 

Fx  = 

0  1 

F2  = 

1  0 

0  0 

0  1 

The  vector  form  of  the  subarray  manifolds  axe  obtained  by  premultiplying  by  the  Mb  x  Mb  identity 
matrix  and  applying  Property  3  of  Table  1.  It  is  easily  verified  that  the  two  subarray  manifolds,  in 
matrix  and  vector  form,  are  related  as  follows; 


Awi,iVi,(/^,  i^)r2  = 

(26) 

J2aMfcjVe,(A‘,  y)  = 

Where  Ji  =  Ff  and  J2  =  Fj ®Im6-  Therefore,  the  signal  steering  vectors  for  the  subarrays  are 
related  by  32SLMbNi{dxfJ-i,  dyVi)  =  dyUi)  for  alH  =  0, . . . ,  d  -  1  and  consequently 


(27) 
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where  =  diagje-^'^s'''®, . . . ,  }.  This  can  be  generalized  to  an  arbitrary  basis,  K  = 

for  Sd  by  postmultiplying  both  sides  by  any  dx  d  nonsingular  matrix  T  and  premultiplying  Y  by 

Id  =  TT-\ 


=  JiAM,iv,TT-'YT 

(28) 

J2K 

=  JiK^. 

(29) 

Where  ^  =  T'^YT.  This  relationship  is  the  basis  for  the  TLS-Esprit  algorithm  [4].  It  shows  that 
the  u  spatial  frequencies  can  be  estimated  from  the  eigenvalues  of  the  matrix  that  rotates  the  first 
Mi,{Nb  -  1)  rows  of  K  into  the  last  Mb{Nb  -  1)  rows  of  K. 

Alternatively,  the  array  can  be  viewed  as  two  overlapping  {Mb  —  1)  x  Nb  subarrays  with 
{Mb  —  2)Nb  common  elements  (see  Figure  4b).  This  yields  subarray  manifolds  that  are  the  first  and 
last  Mb  -  1  rows  of  AMhNt{lJ;^)  and  modelled  by  and  T4AMtNt{lJ',i^)-  In  this  case, 

Fs  and  r4  are  the  first  and  last  Mb  -  1  rows  of  the  Mb  x  Mb  identity  matrix  and 

(30) 

where  Y^  =  diag{e'^‘^*^°, . . . ,  },  J3  =  iNf,  <8>  Fs,  and  J4  =  I;V(,  ®  r4. 

Therefore,  if  the  array  is  divided  in  a  row-wise  fashion,  the  jj,  spatial  frequencies  can  be 
estimated  from  the  eigenvalues  of  the  matrix  that  rotates  J3K  into  J4K.  However,  if  the  fj,  and 
u  frequencies  are  obtained  independently  by  applying  Esprit  to  K  in  a  row-wise  and  column-wise 
fashion,  there  is  no  apparent  way  to  pair  the  frequency  components  corresponding  to  a  specific 
signal. 

In  an  effort  to  circumvent  this  problem,  notice  that  as  long  as  no  two  signals  have  the  same  n 
and  V  frequencies,  JiK  and  J2K  are  rank  d.  Therefore,  $  always  exists  and  has  a  full  set  of  eigen¬ 
values  and  linearly  independent  eigenvectors.  Consider  performing  an  eigenvalue  decomposition  of 
^  to  obtain  $  =  EYE~^. 
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If  I'i  is  a  distinct  frequency,  then  7,-  is  a  distinct  eigenvalue  of  and  the  associated  right 
eigenvector  is  unique  (to  within  a  scalar  multiple).  Therefore,  e,-  is  the  column  of  and  the 
signal  steering  vector  can  be  obtained  as 

Ke,'  =  dyVi). 


To  estimate  the  n  frequency  from  the  steering  vector  recall  equation  (30),  let  1,-  =  Ke,-,  and  notice 
that  (Jal,)^  (J4I,)  =  {Mh  —  Therefore,  define  pi  as 

A  1 


Pi 


{Mb  -  l)Nb  ^  ‘  {Mb  -  l)Nb  ‘  "  ‘  ^  " 


jdxfJ^i 


(32) 


So  Pi  is  obtained  as  pi  =  -^arg  (p,).  An  important  observation  here  is  that  the  p  and  v  frequencies 
for  a  signal  are  estimated  from  an  eigenvalue-eigenvector  pair  and  as  such  are  automatically  coupled. 

Now  consider  the  case  where  z/;  is  not  a  distinct  frequency,  say  vq  =  ...  =  z^p-i,  then  ^ 
has  an  eigenvalue  of  multiplicity  p  and  the  associated  eigenvectors  {eo, . . .  ,ep_i},  axe  not  unique. 
Therefore,  e,-  is  not  the  column  of  T“^  and 


Kej  —  \^MiNt,{dxPOidy'Uo)  ]  ...  |  3-ivf(,iV(,(dx/Zp— 1,  dyt'p—i)]  Cj  Vi  0,...p  1 


(33) 


for  some  arbitrary  p  x  1  vector  c^.  In  this  case  the  eigenvector  will  not  directly  yield  the  p  frequency. 
However,  the  matrix 

K  [eo  I  . . .  I  ep_i]  =  [3LMt,N„{dxPo,  dyi/o)  |  . . .  |  ^M^NtidxPp-i,  dyVp-i)]  C  (34) 


has  the  Esprit  structure.  Therefore,  applying  Esprit  in  a  row- wise  fashion  will  yield  the  p  frequen¬ 
cies.  Coupling  the  frequencies  is  not  an  issue  because  all  of  the  corresponding  z/  frequencies  are 
identical  and  already  known. 

Before  proceeding,  several  aspects  of  the  above  development  need  to  be  emphasized.  First, 
K,  the  arbitrary  basis  for  Sd,  is  obtained  as  the  orthogonal  complement  of  the  decimated  telescoped 
noise  eigenvectors  hj.  Second,  the  matrix  products  JiK  and  J2K  are  the  first  and  last  Mb{Nb  —  1) 
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rows  of  K,  and  can  be  effected  without  actually  performing  any  matrix  multiplies.  Third,  the  matrix 
that  rotates  JiK  into  J2K  is  estimated  by  applying  the  Total  Least  Squares  method  of  Golub 
and  Van  Loan  [11]  [12]  to  equation  (29)  (as  in  [4]).  Finally,  equation  (29)  has  a  unique  solution 
for  ^  provided  that  the  number  of  rows  exceeds  (or  equals)  the  number  of  columns  in  JiK.  Since 
JiK  Mb{Nb  -  1)  X  d,  TLS-Esprit  can  determine  up  to  Mb{Nb  -  1)  signal  directions.  It  is  also  worth 
mentioning  that  since  Sd  has  the  Esprit  structure  any  type  of  Esprit  algorithm,  such  as  PRO-Esprit 
[6],  can  be  applied  to  K. 

7  Bandlimiting  the  Response 

Thus  far  it  has  been  assumed  that  beamformer  employed  is  comprised  of  MbNb  beams  that  encom¬ 
pass  the  subband  defined  by  — tt  (■^)  ^  ^  ^  (^)  (^)  —  ^  ^  (^)  •  beams 

are  insufficiently  bandlimited  or  not  centered  at  broadside,  the  beam  space  noise  eigenvectors  can 
be  modulated  to  baseband  and  filtered  prior  to  decimation  to  make  the  assumption  valid.  It  is 
important  to  realize  that  the  filtering  process  increases  the  length  of  the  eigenvectors.  In  the  one 
dimensional  case  Kautz  [2]  showed  that  a  decimated  version  of  the  filter  can  be  deconvolved  from 
the  decimated  telescoped  eigenvectors  to  remove  most  of  this  extra  dimensionality.  Furthermore 
since  filtering  and  deconvolution  are  linear  operations  they  can  also  be  performed  apriori  on  the 
telescoping  matrix.  For  the  ID  case  this  yields  telescoped  eigenvectors  that  are  {Mb  +  1)  x  1  and 
a  resulting  decimated  signal  subspace  that  is  a  d  -b  1  dimensional  subspace  of  Mb  +  1  dimensional 
space. 

This  extra  dimensionality  does  not  cause  any  problems  for  2D  Music.  In  fact,  if  the  beam- 
former  employed  has  the  common  out  of  band  nulls  property  then  filter  nulls  can  be  positioned 
to  coincide  with  out  of  band  peaks  thereby  effectively  eliminating  aliasing  [5].  For  ID  Esprit,  this 
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extra  dimensionality  produces  a  matrix  that  is  (d  +  1)  x  (d  +  1)  and  has  an  eigenvalue  that  is 
not  related  to  a  signal  direction.  Kautz  argued  that  this  extraneous  eigenvalue  is  far  removed  from 
the  unit  circle,  so  it  is  easily  identified  and  ignored.  In  the  case  of  a  rectangular  array,  the  filter¬ 
ing  is  two  dimensional,  so  after  deconvolution  the  resulting  eigenvectors  are  {Mb  +  1)  x  {Nb  +  1). 
This  yields  a  d  +  -h  iVj  -f  1  dimensional  decimated  signal  subspace  and  ^  has  Mb  +  Nb  +  I 
extra  eigenvalues.  Kautz’s  argument  that  these  additional  eigenvalues  are  far  removed  from  the 
unit  circle  is  still  valid,  but  now  the  eigenvalue  decomposition  is  performed  on  a  matrix  that  is 
{d  +  Mb+Nb  +  l)x{d  +  Mb+Nb  +  l)  instead  of  d  x  d.  This  is  a  nonnegligible  increase  in  complexity 
that  can  be  easily  circumvented  by  improving  the  front  end  beamformer. 

An  obvious  choice  for  the  beamformer  is  {Mb  -  2)  x  {Nb  -  2)  Hamming  weighted  orthonormal 
DFT  beams  centered  at  fj,  =  —Tr{Mb  —  Z)IM  . . .  ‘K{Mb  —  Z)/M  and  u  =  —Tr{Nb  —  Z)/N . . .  — 3)/iV 

because  they  have  low  sidelobes  and  common  out  of  band  nulls  [5].  However  this  yields  an  even  larger 
increase  in  complexity  because  the  eigenvectors  have  length  MbNb  but  there  are  only  {Mb—2){Nb—2) 
of  them.  Therefore  5^  is  a  d  -f  2Mb  +  2Nb  +  4  dimensional  subspace  and  ^  has  2Mb  +  2.Nb  -f-  4  extra 
eigenvalues.  So  the  beamformer  employed  must  have  Mb  x  Nb  beams. 

In  section  11  several  types  of  beamformers  will  be  investigated  to  determine  which  ones 
yield  the  best  performance.  For  the  moment,  it  is  sufficient  to  point  out  a  few  properties  that  heed 
to  be  considered  when  choosing  the  beamformer.  First,  for  the'  Esprit  formulation  no  filtering  is 
performed,  so  common  out  of  band  nulls  are  unnecessary.  Second,  larger  main  lobes  are  required  to 
reduce  the  sidelobe  ripple,  but  this  yields  beams  that  may  extend  outside  the  desired  subband  (see 
Figure  5).  This  is  not  a  problem,  since  aliasing  caused  by  these  wider  main  lobes  will  only  effect 
signals  at  the  band  edge.  It  is  a  well  established  fact  that  performance  decays  at  the  band  edge 
even  without  aliaing,  so  subands  should  be  overlapped.  Third,  orthogonal  beams  are  required  for 
equation  (16)  to  be  valid,  but  this  increases  the  ripple,  and  consequently  the  estimation  error  due 
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to  aliasing.  However,  nonorthogonal  beams  introduce  error  because  Rj,  =  +  cr^W^Wi,. 

One  way  to  reduce  the  error  due  to  nonorthogonal  beams  is  to  “clean”  the  matrix  R^.  This  is 
mentioned  in  [6]  for  use  in  cases  where  the  noise  is  not  spatially  white.  Notice  that  nonorthogonal 
beams  only  cause  a  problem  at  low  SNR. 

8  Further  Reductions  in  Complexity 

In  this  section  several  remarkable  computational  savings  that  have  been  devloped  for  ID  are  ex¬ 
tended  to  2D.  Since  these  are  direct  extensions  of  the  ID  case  and  are  given  a  thorough  treatment 
elsewhere,  the  details  will  be  omitted. 

8.1  Real  Covariance  Processing 

It  has  been  observed  [5]  that  for  the  ID  ULA,  placing  the  reference  point  in  the  center  of  the  array 
and  making  appropriate  restrictions  on  the  beamformer  enables  one  to  replace  the  EVD  of  Ry  with 
the  EVD  of  'Re.  {Ry}-  This  effects  a  considerable  reduction  in  complexity  and  is  readily  extended 
to  the  uniform  rectangular  array. 

With  the  reference  point  in  the  center  of  the  array,  r  =  the  array 

manifold  Vectors  have  the  form  AMNifJ",  v)  =  a^f  (//)a^(i/)  where 


These  steering  vectors  have  the  following  conjugate  centrosymmetric  property: 

0  Im)  (aiv(z/)  0  aM(y))  =  a]!;(i/)  0  =  ajj^^(/i, i/).  (36) 

Where  1m  is  the  M  x  M  reverse  permutation  matrix,  that  “flips”  the  M  x  1  column  vector.  Since 
i-M  is  its  own  inverse  and  I^iv  =  liv  0Im)  applying  a  conjugate  centrosymmetric  beamformer  yields 
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real  valued  beam  space  steering  vectors. 

B  =  =  [w^OWfJWW^  =  [wj®wj]^*  =  B*  (37) 

Using  this  in  equation  (16)  and  taking  the  real  part  of  the  beam  space  correlation  matrix  yields 

7^{Rj,}  =  7?e{[wf  (8)Wj]^R,^^[W^®Wj-b(T2l}  =  {RJ  +  cr^I.  (38) 

Therefore,  the  real  part  of  the  beam  space  correlation  matrix  has  the  desired  eigen  structure  and 
the  TLS-Esprit  algorithm  can  be  applied  to  the  real  part,  instead  of  the  “full  blown”,  correlation 
matrix. 

8.2  Orthogonal  Complement 

Recall  that  columns  of  K  form  a  basis  for  Sd  and  have  thus  far  been  obtained  as  the  orthogonal 
complement  of  H  =  WtF„.  This  requires  a  computationally  intensive  SVD  on  WiF„  to  find 
K.  Kautz  [2]  noticed  that  an  alternate  basis  for  Sd  can  be  obtained  by  applying  a  simple  linear 
tranformation  to  Fj.  To  show  this,  let  Z  =  Wj  and  notice  that 

(Zf.)^h,-  =  [Wi(wfWi)"'fi]^Wtf,  =  fff,  =  0.  (39) 

Hence  the  matrix  Z  maps  a  beam  space  signal  eigenvector  to  element  space  (but  not  to  its  element 
space  counterpart).  Therefore  K  can  be  determined  as 

■'  K  =  ZF,  =  [Zfo  I  . . .  I  Zfd-i] .  (40) 

In  the  event  that  filtering  is  employed,  this  transformation  yields  an  insufficient  basis  for  Sd-  How¬ 
ever  the  remaining  basis  vectors  can  be  obtained  by  precomputing  the  orthogonal  complement  of 
Wt. 
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9  Algorithm 


1.  Precompute  the  beamforming  matrix,  Wb,  and  Z  =  Wj  . 

2.  Store  F  snapshots  of  the  array  as  the  columns  of  X,  and  form  Y  =  Wf^X. 

3.  Compute  the  EVD  of  the  real  part  of  the  beam  space  correlation  matrix  and  form  K. 

-ReiKy}  =  W/"  K  =  Z  [fo  |  . . .  |  f^-i  ] 

■*  i=0 

4.  Form  K12  =  [Ki  |  K2],  where  Ki  and  K2  are  the  first  and  last  Mi,{Nb  —  1)  rows  of  K,  and 
compute  the  EVD  of  K^Ki2  =  QAQ“^. 

5.  Partition  Q  into  d  x  d  blocks  and  estimate  =  — Q12  (Q22)~^- 

6.  Compute  the  EVD  of  '9  to  obtain  T  and  estimate  the  p  frequencies. 

^  =  ETE“^  Y  =  diag{7o, . . .  ,7d-i}  Ui  =  ^  axgji 

dy 

7.  For  distinct  i/,-  estimate  the  pL  frequencies  as  /i,-  =  ^  argp,-.  Where  pi  =  b  =  Ke^,  and 

^  ®  (^3  ^4).  • 

8.  For  repeated  Ui  form  L  =  K  [  ei  |  . . .  |  ep_i]  and  estimate  the  p  frequencies  as  pi  =  arg 
Where  pi  are  the  eigenvalues  of  the  matrix  that  rotates  the  J3L  into  J4L  (steps  4  -  6). 

10  Performance  Analysis 

A  large  portion  of  the  2D  performance  analysis  is  identical  to  the  ID  analysis  performed  by  Kautz 
[7]  and  Rao  and  Hari  [8],  so  their  work  will  be  followed  as  much  as  possible.  The  bulk  of  the  error 
analysis  is  included  as  Appendix  A  and  the  major  results  are  presented  in  this  section.  To  maintain 
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a  consistent  notation,  estimated  quantities  will  be  denoted  with  a  “hat”,  and  the  error  between 
estimated  and  actual  quantities  will  be  denoted  with  a  “A”  (e.g.  Af,  =  f,  —  f,). 

The  primary  source  of  error  in  the  proposed  algorithm  results  from  the  finite  snapshot 
approximation  of  the  beam  space  correlation  matrix  R^.  Let  =  R/  +  jRq  and  recall  that  R/  is 
real,  symmetric,  and  positive  definite  so  its  eigenvalues,  A,  are  real  and  the  associated  eigenvectors, 
f,  can  be  chosen  to  be  real.  Kautz  has  shown  [7]  that  the  error  in  the  signal  eigenvectors  is 
asymptotically  zero  mean  with  with  covariance 


EjAffcAf} 

r  mnlk 


^mnlk 


f 


=  (41) 


m-r^k  n^l 

—  ^Xk^l^ml^nk  +  ^k^m^mn^kl  +  (l  “  6ml)  (1  ^fcn) 

+  (tjR«f„)  (ffRjfi)  (1  -  im.)  (1  -  Sa)]  ■  (^2) 


It  should  be  noted  that  the  multiplicative  factors  of  the  form  (1  —  5,,)  can  be  removed.  They  are 
only  included  to  emphasize  the  fact  that  f^R^ffc  =  0. 

This  error  propogates  through  to  7  and  e,  the  eigenvalues  and  right  eigenvectors  of  as 


E{|A7.-|'} 
(7*fE{(A7.-)^} 
E  {Ae,  Aef  } 

E'{AeiAeJ} 


r  d-l  d-l 


=  oc 


H 


fc=0  /=0 

El;  e.(fc)e.(0E{AffcAf,^} 


Jt=o  /=o 
d—\  d—‘\ 

S  S  1  (7i  -  7m)  (7j  -  In)' 

m^i  n^j 

^  (7.7j) 


OLi 


OC: 


fd-l  rf-1 


=  EE 


otij  = 


-7n)  L 

Z«(J.-7.-J,)''(K+)''q, 


EE«.W«K0E{Af»Af}  a, 

\^•=o  /=o  / 

“S.  (E  E  e.(^c.(')E  {A4Af,q)  a-. 


u=o  /=0 


(43) 

(44) 

eme@^) 

j 

(47) 


The  relationship  between  Ae,-  and  Ap,-  is  given  by 

E  { I  A^i  iq  =  ef  K"PKE  { AejAef  }  K^P^Ke,  +  ef  K^P^KE  {Ae. Aef }  K'^PKe, 
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(48) 


+27^  {efK^PKE  {AeiAef}  K^PKe,} 
e{(A^.)'}  =  efK^PKE{Ae.Aef}K^P^K*e*  +  efK^P^K*E{Ae,Aef}*K^PKei 
+27?e  {efK^PKE  {Ae^-Aef  }  K^PKe,} 


4TT^i/v.®(rIr,) 


(49) 

(50) 


It  remains  to  show  how  Api  and  Aji  relate  to  Api  and  Az/j.  This  was  done  by  Rao  and  Hari  [8]. 


E{(A:/i)'}  = 


E{|A7.r}-7;e{(7,-)'E{(A7i)^}} 


2(d,Y 


E 


,  ,n  -  e{|a,,-P}-7^{(^;)^e{(a,,)^}} 
J  2(4)' 


(51) 

(52) 


Combining  equations  41  through  52  produces  the  desired  asymptotic  error  characteristics 
of  the  signal  frequency  estimates.  However,  This  does  not  yield  any  insightful  information.  For 
the  case  of  d  uncorrolated  sources  with  equal  signal  power  <Ts  and  noise  power  C7„,  the  resulting 
asymptotic  error  reduces  to 


11  Simulations 

Various  computer  simulations  were  performed  to  verify  the  efficacy  of  the  proposed  2D  Esprit 
algorithm.  Unless  stated  otherwise,  all  experiments  simulate  a  32  x  32  array  with  half  wavelength 
spacing  and  3  equal  power  sources,  cr^.  The  beam  space  correlation  matrix  is  estimated  from 
32  snapshots  of  the  array  and  200  trials  are  executed  for  each  particular  point  of  interest.  The 
front  end  beam  former  consists  of  64  beams  centered  at  broadside,  so  the  subband  being  probed  is 
~4  ^  ^  4)  maximal  decimation  rate  of  4  =  4  ~  ^  used.  To  investigate  the 

effects  mentioned  in  section  7,  three  separate  types  of  beams  are  simulated,  DFT  beams,  Hamming 
beams,  and  Ortonormal  Hamming  beams  (see  Figure  5  for  ID  plots).  Finally,  it  is  important  to 
note  that  the  error  criterion  used  to  evaluate  the  estimator  is  the  average  RMS  error  between  the 
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actual  signal  frequencies  and  their  estimates,  rms  =  -  //i)^  +  {vi  —  Vif,  and  SNR  refers 

i=o 

2 

to  the  per  signal  per  element  signal  to  noise  ratio,  SNR  =  10  log 


DFT  Beams 


Dec  D FT  Beams 


Hamming  Beams 


Dec  Hamm  Beams 


Figure  5:  Beams 


ON  Hamming  Beams 


Dec  ON  Hamm  Beams 


u  spatial  freq 


Before  simulating  Esprit,  it  is  worthwhile  to  simulate  2D  Muitirate  Spectral  Music  (Eqn. 
23).  The  three  signals  simulated  had  0  dB  SNR  and  spatial  frequencies  (a, -a),  (—a, -a),  and 
(-a,  a),  ..where  a  =  ||  =  0.1963.  Since  the  main  lobe  width  of  the  Hamming  beams  is  these 
signals  are  said  to  have  100%  beam  width  separation  (see  Figure  6).  These  plots  show  that  2D 
Multirate  processing  does  indeed  work,  and  the  resulting  spectral  nulls  are  moved  to  {±dxOi,  ±dya)  — 
(±0.7852,  ±0.7852).  For  comparison  purposes.  Esprit  was  simulated  with  the  same  parameters 
and  the  results  displayed  as  scatter  plots  (see  Figure  7).  Notice  that  the  scatter  plot  verifies  the 
automatic  coupHng  properties  of  the  proposed  Esprit  algorithm,  but  shows  that  DFT  beams  have 
a  slight  bias. 
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DFT  Beams 


Hamming  Beams 


ON  Hamming  Hamming 


U  Freq 


Figure  6:  Beam  Space  Music  Null  Spectrum  for  3  sources  with  OdB  SNR  and  32  Array  Snapshots 

In  section  7  it  was  stated  that  the  orthogonality  of  the  beamformer  is  only  a  consideration 
at  low  SNR,  and  at  high  SNR  the  dominant  factor  is  the  height  of  the  sidelobes.  Figure  6  illustrates 
this  point.  Hamming  weighted  beams  have  the  lowest  sidelobes  and  yield  the  deepest  nulls.  To 
further  investigate  the  SNR  dependence  of  the  estimator,  the  same  three  signals  were  simulated  and 
the  SNR  was  varied  from  — 30dB  to  OdB  (see  Figure  8  first  row).  This  figure  shows  that  for  SNR 
values  below  —  lOdB  measurement  noise  dominates  so  DFT  beams  perform  better,  but  for  SNR 
values  above  —  lOdB  aliasing  due  to  high  sidelobess  dominates  so  Hamming  beams  perform  better. 

In  an  effort  to  investigate  the  performance  of  2D  Esprit  for  closely  spaced  sources,  this 
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Rect  DFT  Beams  Hamming  Beams  ON  Hamming  Beams 


U  Freq  U  Freq  U  Freq 

Figure  7:  Scatter  Plots;  Esprit  for  3  sources  with  OdB  SNR  and  32  Snapshots 


simulation  was  repeated  with  the  signal  separation  reduced  to  50%  of  the  beamwidth  {oc  =  -^  = 
0.0982)  (see  Figure  8  second  row).  The  performance  actually  improved.  To  understand  why  this 
happened,  it  is  necessary  to  investigate  the  beamformer  performance  with  respect  to  signal  location. 

It  is  a  well  established  fact  that  the  performance  of  ID  beamformers  decay  near  the  band 
edges.  To  see  how  the  2D  beamformer  performs,  one  signal  was  simulated  and  its  position  was 
varied  from  the  center  of  the  band  to  the  band  edge  along  the  n  axis.  This  was  repeated,  varying 
the  signal  along  the  ju  =  j/  diagonal  (see  Figure  9).  The  performance  does  indeed  decay,  hence 
subbands  should  be  overlapped. 

Lastly  the  number  of  array  snapshots  was  varied.  The  first  row  of  Figure  10  depicts  the 
original  3  signals  with  0  dB  SNR,  and  the  second  row  depicts  the  same  three  signals  with  -20  dB 
SNR. 

12  Conclusion 

The  proposed  2D  Multirate  Esprit  Algorithm  has  been  shown  to  work  well.  Let’s  submit  this  paper! 
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Figure  8:  RMS  Error  vs  SNR:  Esprit  for  3  sources,  OdB  SNR,  32  Snapshots  and  200  trials  per  SNR 
value.  Row  1  has  100%  BW  separation,  and  Row  2  has  50%  BW  separation. 

A  Characterizing  the  Asymptotic  Error 

A  detailed  characterization  of  the  asymptotic  error  in  the  eigenvectors  of  the  real  part  of  the  beam 
space  correlation  matrix  can  be  found  in  [7],  so  the  current  developement  will  begin  by  showing 
how  Af  effects  the  estimate  of  Recall  that  K  =  [Zfo  |  •  •  •  1  =  ZF^  and  K  is  divided  into 

Ki  =  JiK  and  K2  =  J2K.  The  error  in  these  matrices  is  given  by 

■  AK.-  =  K,-Ki  =  J,K-J.K  =  JiZF,-J.ZF,  =  J^ZAF,  i  =  l,2.  (53) 

Using  Ki  and  K2,  is  determined  as  the  solution  to  K2  =  Therefore, 

K2  +  AK2  =  (Ki  +  AKi)  (^  +  A’®') 

K2  +  AK2  =  Ki«'  +  KiA^  + AKi«f  +  AKiA^ 

AK2  «  KiA^  +  AKi^ 


92 


RMS  Error  RMS  Error  RMS  Error 


Dist  (u  axis) 


Dist  (u  axis) 
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Figure  9:  RMS  Error  vs  Position:  Esprit  for  1  source,  OdB  SNR,  32  Snapshots  and  200  trials  per 
Frequency.  Row  1  varies  the  source  frequency  along  the  //  axis  and  Row  2  varies  it  along  the  fj,  =  u 
diagonal. 

KiA^  =  AK2-AKi^. 


Hence  A^  is  given  by 


A^  =  KfAKs-K^AKi^  =  K+J2ZAF,  -  K+JiZAF,^.  (54) 

Where  K]''  =  ^Kf^Ki  j  ^  is  the  pseudo-inverse  of  Ki.  Rcio  and  Hari  [8]  have  shown  that  this 
error  is  valid  for  both  Least  Squares  Esprit  and  Total  Least  Squares  Esprit. 

To  find  expressions  for  the  error  in  the  eigenvalues  and  eigenvectors  of  recall  [14]  that  if 
a  matrix  has  the  form  A  -f-  eB  with  eigenvalues  7,(e),  right  eigenvectors  e{(e)  and  left  eigenvectors 


q,(e),  then 


7i(e)  =  +  and  ei(e) 


^(7.-7i)(qfe,)' 
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Figure  10:  Performance  vs  Snapshots:  Esprit  with  3  sources,  32  Snapshots  and  200  trials  per 
Frequency.  Row  1  has  OdB  SNR  and  row  2  has  -20dB  SNR 

In  this  case  A  =  ^,  B  =  A^,  and  qf^e,-  =  1,  so  the  eignvalue  error  is  given  by 

A7,  =  qf  [k+AK2  -  K+AKi'®']  =  -T^qf  K+ (Jx  -  7* Jj)  AKe^  =  -7iaf  AF,e,.(55) 

Where  a<j  has  been  defined  as  aij  =  Z^(Ji  —  7*J2)'^  (Kfj^q,-.  From  (55),  it  is  easily  verified 


that 


I  ^7i  1^  =  [AF^eief  AFf]  an  =  Jill  e;(fc)e*(Z)AffcAff  ai 

k=0  /=0 

d-1  d-l 

EE 

fc=o  ;=o 

Now  consider  the  right  eigenvector. 


.  (A7i)"  =  (7i)"a.?[AF,eiefAFf]<  =  (7ifaf 


(56) 

(57) 


Ae, 


^  (qf  A^.e,-)  ej  _  ^  f -7,-a:g  AF.e,-  ] 
'~h  (7^-Ti)  ~  h\  (7.-7i) 


(58) 
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Therefore 


^  /  (7«7;) 


Ae^-Aef  =  E  E  i  7— I 


^0  ^0  \  (T.-  -  7m)  (7i  -  7n)* 
m^i  n^j 


(e  E  «>■-. 

\Ar=0  ^=0  / 


e„e^  ()69) 


i-l  d-l 


AeiAeJ  =  EE 


(7t7i) 


0  I  (7i  -  7m)  ilj  -  In)  L 
n^j 


“L  TE  E  e,(i)e,(/)A4Afr  )  a 

\fc=0  1=0 


jn 


>  (60) 


Taking  the  expectation  of  equations  (56,  57,  59,  60)  yields  equations  (43  -  46).  With  the  error  in 
the  eigenvectors  of  W  characterized,  the  error  in  /?,•  can  now  be  determined. 


Pi  =  ifPl- 

Pi  +  Api  =  (li  +  Al.)'"P(l,  +  Ab)  =  lfPb  +  lfPAl.  +  AlfPb  +  AlfPAli 

Api  «  If PAl,- +  Alf Pb  =  efK^PKAe^  +  AefK^PKei  (61) 

Equations  (48  -  49)  come  directly  from  (61). 

It  remains  to  show  how  Aji  and  Api  effect  Ai^i  and  Api.  Recall  that  ideally  7,-  =  but 

due  to  errors  7,’  =  Consider  7  =  and  notice  that 

=  dre^‘^^‘' +jdyre^^y'd,  =  e^'^y‘'dr  +  jdyjd^ 

=  e^’^^'dri+  jdy'^idui  =  nidn  +  jdyd^i) 

Therefore 


(d„f  +  {d,dj 

(lif  [(a.,)'  -  + j(2<i,a„a.,)j 

-  (d,dj 


and  consequently 


t  A7i  -  7^  {(7;)^  (A7.)^} 


{Au^f  =  (62) 

This  results  differs  slightly  from  that  obtained  by  Rao  and  Hari  [8].  They  were  concerned  with  the 
direction  angle  9  not  the  frequency  v  =  sin^.  Therefore,  they  had  a  (cos^)^  in  the  denominator 
due  to  the  fact  that  di,  =  cos9d$. 
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4  Real-Time  Frequency  And  2-D  Angle  Estimation  With 
Sub-Nyquist  Spatio-Temporal  Sampling 

An  algorithm  has  been  developed  for  real-time  estimation  of  the  frequency  and  azimuth  and 
elevation  angles  of  each  signal  incident  upon  an  airborne  antenna  array  system  over  a  very  wide 
frequency  band,  2-18  GHz,  commensurate  with  electronic  signal  warfare.  The  algorithm  pro¬ 
vides  unambiguous  frequency  estimation  despite  severe  temporal  undersampling  necessitated 
by  cost/complexity  of  hardwaxe  considerations.  The  2-18  GHz  spectrum  is  decomposed  into 
1  GHz  bands.  The  baseband  output  of  each  antenna  is  sent  through  two  250  MHz  sampled 
channels  where  one  is  delayed  relative  to  the  other  (prior  to  sampling)  by  .5  ns,  the  Nyquist 
interval  for  a  1  GHz  bandwidth.  Due  to  the  high  variance  of  the  Direct  ESPRIT  frequency 
estimator,  aliased  frequencies  are  estimated  via  a  simple  formula  and  translated  to  the  proper 
aliasing  zone  utilizing  eigenvector  information  generated  by  PRO-ESPRIT.  The  algorithm  also 
provides  unambiguous  2-D  angle  estimation  over  the  entire  2-18  GHz  bandwidth  despite  se¬ 
vere  spatial  undersampling  at  the  higher  end  of  this  band  necessitated  by  mutual  coupling 
considerations  and  resolving  power  requirements  at  the  lower  end  of  the  band.  Eigenvector 
information  generated  by  PRO-ESPRIT  is  used  to  facilitate  computationally  simple  estimation 
of  azimuth  and  elevation  angles  automatically  paired  with  corresponding  frequency  estimates 
despite  aliasing.  Simulations  are  presented  demonstrating  the  capabilities  of  the  algorithm. 

4.1  Introduction 

4.2  Spatio-Temporal  Sampling  and  Data  Model 

4.3  ESPRIT  Based  Frequency  Estimation  With  Temporal  Under¬ 
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1  Introduction 

The  problem  under  investigation  is  that  of  real-time  estimation  of  the  frequency  and  azimuth  and  eleva¬ 
tion  angles  of  each  signal  incident  upon  an  airtx)me  antenna  array  system  over  a  very  wide  frequency  band, 
2-18  GHz,  commensurate  with  electronic  warfare.  The  problem  is  complicated  by  severe  undersampling  in 
both  the  temporal  and  spatial  domains  necessitated  by  cost  and  complexity  of  hardware  considerations  [1]. 

To  reduce  the  complexity  of  the  overall  receiver  hardware,  the  bandwidth  at  the  intermediate  frequency 
is  chosen  to  be  quite  large  equal  to  1  GHz.  Correspondingly,  the  entire  2-18  GHz  spectrum  is  decomposed 
into  overlapping  1  GHz  bands;  each  band  is  examined  in  succession  or  in  parallel.  The  Nyquist  temporal 
sampling  rate  for  digitization  of  a  1  GHz  band  is  2  GHz.  Although  A/D  converters  operating  at  2  GHz  rate 
are  available,  they  are  very  expensive  and  processing  speed  following  the  converter  may  limit  the  overall 
operation  of  the  receiver.  In  the  prototype  system  pictured  in  Figure  1  [1],  the  receiver  output,  after  conver¬ 
sion  to  baseband,  is  sampled  at  a  rate  of  250  MHz,  one-eighth  of  the  Nyquist  rate.  This  severe  undersam¬ 
pling  leads  to  aliasing  and  attendant  problems  of  ambiguity.  The  aliased  frequency  as  a  function  of  baseband 
frequency  with  a  sampling  rate  of  250  MHz  is  plotted  in  Figure  3. 

Note  that  the  aliasing  function  plotted  in  Figure  3  is  for  the  case  where  only  the  in-phase  channel  is 
sampled.  Sampling  of  the  quadrature  channel  represents  additional  hardware  costs  and  overall  doubles  the 
number  of  samples  to  be  processed.  Thus,  in  keeping  with  the  overall  goal  of  reduced  complexity  of 
hardware  and  computation,  it  is  assumed  that  only  the  in-phase  component,  a  real-valued  signal,  is  sampled 
and  input  to  the  system.  Note,  it  is  typically  necessary  to  generate  the  complex  analytic  signal  in  a  direction 
finding  application  to  resolve  a  180°  ambiguity  in  the  azimuth  angle  estimates.  Again  motivated  by  the 
desire  to  keep  the  computational  complexity  low,  the  complex  analytic  signal  is  roughly  approximated  by 
computing  the  DFT  of  the  output  of  each  antenna  and  throwing  away  the  negative  frequency  portion  of  the 
spectrum.  This  approach  averts  the  need  to  pass  the  sampled  signal  through  an  FIR  digital  Hilbert 
Transformer  which  could  possibly  lead  to  edge  effects  or  a  reduced  number  of  effective  time  samples 
(depending  on  whether  one  includes  all  output  points  of  the  FIR  digital  Hilbert  Transformer  or  just  those  out¬ 
put  points  for  which  there  were  no  zero  entries  in  the  FIR  filter  window.)  The  spatio-temporal  signal  model 
is  developed  in  Section  2. 

The  i^ocedure  for  frequency  estimation  with  Sub-Nyquist  temporal  sampling  developed  within  may  be  easily 
aHapfP/t  for  naiTOwband  direction-of-amval  estimation  with  two  identical,  collinear  unifoim  linear  arrays 
(ULA’s).  In  this  application,  the  displacement  between  the  two  arrays  should  be  less  than  a  half-wavelength 
but  the  interelement  spacing  for  either  array  may  be  much  greater  than  a  half-wavelength  to  achieve  a  large 
aperture  and,  hence,  increased  resolution  capability  relative  to  a  ULA  of  the  same  total  number  of  elements 
but  with  half-wavelength  spacing. 
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In  order  to  estimate  the  baseband  frequency  of  each  signal  despite  aliasing,  the  baseband  output  of  each 
antenna  is  sent  through  two  250  MHz  sampled  channels  where  one  is  delayed  by  x  relative  to  the  other  (prior 
to  sampling)  as  indicated  in  Figure  1.  The  time-delay,  t,  is  chosen  less  than  or  equal  to  the  Nyquist  sampling 
interval  for  the  baseband  bandwidth,  W,  i.  e.,  t  ^  1/(2 W).  In  the  prototype  system  depicted  in  Figure  1,  W  = 

1  GHz  and  X  =  .5  ns  =  .5  X  10"^  s.  ESPRIT  [2,3]  may  then  be  applied  to  estimate  the  baseband  frequencies  in 
any  1  GHz  baseband  bandwidth.  To  facilitate  real-time  implementation,  ESPRIT  is  applied  in  DFT  space. 
In  this  mode  of  processing  the  steps  are  (i)  compute  an  FFT  of  a  block  of  samples,  (ii)  locate  peaks  via  a  sim¬ 
ple  peak-picking  algorithm,  and  (iii)  apply  ESPRIT  to  a  small  set  of  DFT  values  around  each  peak. 

In  Section  3,  we  show  that  the  Direct  ESPRIT  frequency  estimator  has  a  variance  several  orders  of 
magnitude  greater  than  the  Cramer  Rao  Lower  Bound  (CRB).  An  alternative  approach  referred  to  as  Indirect 
ESPRIT  is  presented  that  is  computationally  simple  and  achieves  performance  very  close  to  the  CRB. 
Indirect  ESPRIT  makes  novel  use  of  eigenvector  information  generated  by  the  PRO-ESPRIT  algorithm  [3] 
to  estimate  the  aliased  frequency  of  each  source  via  a  simple  formula  and  correctly  translate  it  to  the  proper 
aliasing  zone  where  it  is  added  to  or  subtracted  from  the  appropriate  integer  of  the  sampling  rate  in  accor¬ 
dance  with  Figure  3. 

Once  the  frequency  of  each  signal  is  estimated,  the  next  goal  is  to  estimate  the  corresponding  azimuth 
and  elevation  angles.  There  are  two  problems  here.  First,  each  angle  estimate  must  be  correctly  paired  with 
the  proper  frequency  estimate.  Second,  in  general,  2-D  angle  estimation  is  sigmficantly  more  computation¬ 
ally  complex  than  1-D  angle  estimation.  Again,  real-time  implementation  is  an  overriding  factor.  Now,  since 
the  sources  are  at  different  frequencies,  the  filtering  inherent  in  selecting  only  those  DFT  values  around  a 
spectral  peak  should  ideally  be  sufficient  to  isolate  single  source  contributions  and  avoid  the  frequency-angle 
pairing  problem.  However,  aside  from  sidelobe  leakage  effects,  this  is  not  the  case  as  sources  well  separated 
in  analog  frequency  may  be  aliased  to  very  nearly  the  same  digital  frequency,  hi  Section  4,  eigenvector 
infonnation  generated  by  PRO-ESPRIT  is  used  to  facilitate  computationally  simple  estimation  of  azimuth 
and  elevation  angles  automatically  paired  with  corresponding  frequency  estimates  despite  aliasing. 

..  In  the  case  of  a  uniformly-spaced  linear  array,  half-wavelength  spacing  between  antermas  is  required  to 
avoid  ambiguities  in  estimating  the  arrival  angle  of  a  signal.  With  half-wavelength  spacing  at  the  upper  end 
of  the  2-18  GHz  spectrum,  the  elements  are  too  closely  spaced  at  the  lower  end  of  the  spectrum  leading  to 
problems  of  mutual  coupling  and  poor  resolution.  The  resolution  capability  and  estimator  accuracy  of  any 
arrival  angle  estimation  algorithm  is  proportional  to  the  aperture  length  measured  in  units  of  wavelengths. 
To  achieve  a  high  degree  of  resolution  power  and  estimator  accuracy  and  yet  avoid  mutual  coupling,  the  ele¬ 
ments  must  be  spaced  nonuniformly  over  a  large  aperture. 
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The  prototype  system  employs  an  L-shaped  antenna  array  having  nonuniformly  spaced  elements  along 
each  leg  as  pictured  in  Figure  2.  The  interelement  spacings  along  either  axis  is  much  greater  than  a  half¬ 
wavelength,  particularly  at  18  GHz.  In  Section  4,  we  develop  (i)  a  prescription  for  interelement  spacings  for 
nonambiguous  angle  estimation  and  (ii)  an  attendant  algorithm  for  angle  estimation  that  is  computationally 
simple  for  real-time  implementation.  Although  there  is  a  plethora  of  previous  work  on  the  design  of  nonuni- 
form  linear  arrays  [6-8],  the  development  in  Section  4  assumes  a  small  number  of  antenna  elements  due  to 
cost  and  space  limitations  on  the  antenna  platform  attached  to  the  aircraft.  Also,  high  sidelobes  is  not  as 
much  a  problem  since  we  are  able  to  isolate  the  individual  contribution  of  each  source.  In  contrast  to  previ¬ 
ous  work  [6-8],  the  prescription  for  interelement  spacings  is  developed  synergisticaUy  with  a  simple  integer 
based  search  algorithm  for  angle  estimation.  Section  5  presents  simulations  that  demonstrate  the  power  of 
the  overall  frequency  and  2-D  angle  estimation  algorithm  summarized  in  the  flowchart  presented  in  Figure  5. 

2.  Spatio-Temporal  Sampling  and  Data  Model 

The  parameters  for  the  prototype  sub-Nyquist  spatio-temporal  sampling  system  are  indicated  in  Figure 
1.  We  concentrate  on  signal  parameter  estimation  for  a  particular  1  GHz  baseband  bandwidth.  For  the  sake 

of  simplicity,  the  signals  are  modeled  as  RF  pulsed  wavefonns.  The  development  to  follow,  though,  holds  as 

B  L 

long  as  each  signal  satisfies  the  standard  narrowband  assumption  —  —  cos9  <1.  For  a  given  signal,  B  is 

the  bandwidth,  f^  is  the  carrier  frequency,  L  is  the  length  of  the  array,  X  is  the  wavelength,  and  cos0  is  the 
direction  cosine  relative  to  the  array  axis.  Since  the  carrier  frequencies  here  lie  somewhere  between  2  and  18 
GHz,  the  narrowband  assumption  is  satisfied  almost  always  except  for  some  extremely  wideband  signals. 
We  also  assume  that  no  two  signals  are  at  exactly  the  same  RF  frequency.  Even  if  there  is  multipath  propa¬ 
gation  between  a  given  source  and  the  airborne  antenna  array,  the  Doppler  shift  each  multipath  signal  under¬ 
goes  is  distinct  as  long  as  each  multipath  signal  has  its  own  distina  azimuth  and  elevation  coordinates  [9]. 

Let  the  sampling  rate  be  denoted  Fj.  We  are  here  assuming  that  F,  is  well  below  the  Nyquist  rate  lead¬ 
ing  to  aliasing.  For  our  prototype  system,  F,  =  250  MHz  equal  to  one-eighth  of  the  Nyquist  rate  (2  GHz  for  a 
1  GHz  baseband  bandwidth).  Consider  sampling  a  single  sinusoid  of  the  form  cos(27cFjt  +  <[>),  where  Fj  is  the 

baseband  firequency  (0  ^  Fj  ^  1  GHz). 

F  Fs 

cos(2nFjt  •+•  <t))lt=ii/F.  =  cos(2jt-^n  -i-  <|))  =  cos[2jtfjn  -i-  <!>]  for  0  <  Fj  <  —  (1) 

F-  Fj  F, 

=  cos[27c(-=i~l)n  +  <[)]  =  cos[2ii(l— ^)n  -([)]  =  cos[2jcfjn  -  <[)]  for  -y  <  Fj  <  F, 

*  s 
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for 


:  cos[27i:(1-— ^)n  +  ^]  =  cos[27cfin  +  ( 
Fs 


F,  <  Fj  <  3- 


p.  p.  p 

:  cos[27c(— — 2)n  +  <()]  =  cos[2ji:(2— -^)n  -  <j>]  =  cos[27tf;n  -  <|)]  for  2)-^  <  F:  <  2F5 


For  each  range  of  the  analog  baseband  frequency,  the  corresponding  digital  frequency  fj  is  between  0  and  .5, 
i.  e.,  0  <  fj  <  .5.  Continuing  this  development,  we  obtain  the  aliasing  function  g(F)  plotted  in  Figure  3  for  the 
case  of  Fj  =  250  MHz  corresponding  to  our  prototype  system.  With  the  aliasing  function  thus  defined,  the 
digital  frequency,  fj,  is  related  to  analog  baseband  frequency,  Fj,  as  fj  =g(Fj)/F5.  The  analog  aliased  fre¬ 
quency  is  defined  as  F*  =  fjFj  =  g(F):  F*  is  the  frequency  one  would  obtain  if  the  analog  sinusoidal  signal 
was  reconstmcted  from  its  samples.  An  important  observation  is  that  when  Fj  is  in  a  range  where  the  slope 
of  the  aliasing  function  g(F)  is  negative,  the  constant  phase  offset  of  the  sampled  sinusoid  is  the  negative  of 
that  associated  with  the  continuous-time  sinusoid. 

In  order  to  estimate  the  baseband  frequency  of  each  signal  despite  aliasing,  the  baseband  output  of  each 
antenna  is  sent  through  two  250  MHz  sampled  channels  where  one  is  delayed  by  t  relative  to  the  other  (prior 
to  sampling).  We  here  assume  that  the  time-delay,  x,  is  less  than  or  equal  to  the  Nyquist  sampling  interval 
for  the  baseband  bandwidth,  W,  i.  e.,  x  s  1/(2W).  In  the  prototype  systent  depicted  in  Figure  1,  W  =  1  GHz 
and  X  =  .5  ns  =  .5  X  10"^  s. 


The  sampled  versions  of  the  reference  and  time-delayed  data  sets,  referred  to  as  the  X  and  Y  data  sets, 
respectively,  (one  pair  of  data  sets  for  each  antenna)  may  be  described  as 


j 

Xi(n)=2 


j=i 


2  2 


(2) 


yi(n)  =  i 

j=i 

where,  for  the  moment,  we  are  neglecting  the  effects  of  noise.  The  various  quantities  in  (2)  are  described 
below.  J  is  the  total  number  of  signals  in  a  particular  1  GHz  baseband  bandwidth.  Aj  is  the  amplitude  of  the 
j-th  signal  while  yjo  is  the  phase  of  j-th  signal  at  the  origin  of  the  antenna  array  system.  yj(i)  is  the  relative 
phase  of  the  j-th  signal  arrival  at  the  i-th  antenna.  If  the  i-th  anteima  is  at  the  x-y  coordinate  pair,  (Xj ,  yj), 
and  the  j-th  source  is  at  an  azimuth  angle  of  9j  and  an  elevation  angle  of  (jij. 
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(3) 


Y.(i)  =  (xiCOS0jSin(t)j  +  yisin0jsin(t)j)  i=l . M 

A,j 


where  Xj  is  the  wavelength  of  the  j-th  signal  arrival  and  M  is  the  total  number  of  antennas  comprising  the 
array.  Kj  is  the  slope  of  the  aliasing  function  g(F)  at  F  =  Fj  equal  to  either  +1  or  -1.  In  accordance  with  (1), 
Kj  into  account  the  conjugation  that  occurs  when  Fj  is  in  an  interval  where  the  aliasing  function  is 
downward  sloping.  Note,  in  the  prototype  system  the  observation  interval  is  .5  |j,s  =  .5  x  KT^  s  yielding 
roughly  N  =  128  samples  for  each  of  the  M  antennas. 

As  indicated  in  Figure  1,  the  first  processing  step  is  to  compute  an  FFT  of  both  the  X  and  Y  data  sets  at 
each  antenna  output  Ultimately  ESPRIT  [2,3]  is  applied  to  a  smaU  set  of  DFT  values  around  each  spectral 
peak  in  the  positive  frequency  portion  of  each  of  the  2M  spectra.  We  are  effectively  using  the  DFT  as  a  nar¬ 
rowband  passband  filter.  This  is  done  for  two  reasons.  First,  by  isolating  only  positive  frequencies  we  are 
able  to  resolve  a  180°  ambiguity  in  azimuth  angle.  Second,  in  processing  a  given  peak,  the  eigenvalue 
decompositions  (EVD’s)  required  are  done  on  matrices  of  dimension  equal  to  the  number  of  DFT  values 
which  is  less  than  the  number  of  antennas.  Separate  peaks  may  be  processed  in  parallel.  Recall  that  sources 
well  separated  in  baseband  frequency  may  be  aliased  to  very  nearly  the  same  digital  frequency  due  to  under¬ 
sampling.  Thus,  several  sources  may  be  contributing  to  a  given  spectral  peak. 

The  respective  N  pt.  DFT’s  of  the  X  and  Y  data  sets  for  the  i-th  antenna  are  denoted  Xi(k)  and  Yi(k), 
i=l,...,M,  and  may  be  expressed  as 


Xi(k)  =  2i- 
j=i 


2 

V 


sincN  ff.. 


JL')  +  J^g-j’^Yjog-j'^YjO) 
2 


sincNj(fj+^) 


(4) 


where  Nj  is  the  number  of  samples  for  which  the  j-th  signal  is  "turned  on"  and  the  periodic  sine  function  is 

defined  as  sincMff)  =  sin(Na:0  contrast  to  convention,  we  include  the  phase  term 

sin(7cf) 

g-jit(N-i)f  jjjg  definition  of  sincN(0  for  the  sake  of  notational  simplicity. 

The  next  processing  step  is  to  locate  spectral  peaks.  We  here  assume  that  a  simple  peak-picking  algo¬ 
rithm  is  employed.  Note  that  only  coarse  estimates  of  the  peak  locations  are  required  for  the  algorithm  to 
perform  well.  The  respective  DFT  spectra  for  the  X  and  Y  data  set  for  each  antenna,  2M  DFT  spectra  all 
together,  should  exhibits  peaks  at  the  same  locations.  At  this  point,  we  concentrate  on  a  single  peak  in  each 
DFT  spectrum  at  the  same  location  located  at  or  near  the  DFT  value  k  =  ko  without  loss  of  generality. 


-103- 


L  =  2L'+1  DFT  values  around  the  corresponding  peak  in  each  DFT  spectrum  are  collected  to  construct  the 
following  set  of  2M  L  x  1  vectors:  (5) 


Xi(ko)  =  [Xi(ko-L0,...  ,Xi(ko), ...  ,Xi(ko+L')f  Yi(ko)  =  [  Yi(ko  -  LO  . . . .  ,  Yi(ko) . Yi(ko+L')f 

To  give  a  perspective  on  the  computational  complexity,  in  the  simulations  presented  in  Section  6  we  ran 
cases  where  Xi(ko)  and  Yi(ko)  are  4x1  and  cases  where  Xi(ko)  and  Yi(ko)  are  5x1.  The  governing  factor  is 
that  the  number  of  DFT  values  selected  around  a  peak  should  be  at  least  one  greater  than  the  number  of 
sources  making  significant  contributions  to  that  peak,  denoted  J'. 

Substituting  (4)  into  (5),  the  Lxl  vector  of  X  DFT  values  around  ko  may  be  expressed  as 

Xi(ko)  =  i  d(fj)  +  d(-fj)|  (6) 

where  d(fj)  is  the  Lxl  vector 

T 

(7) 

As  long  as  the  window  of  DFT  values  is  not  either  near  k=0  or  near  k=N/2,  the  DFT  acts  as  a  narrowband 
bandpass  filter  such  that  d(-fj)  is  small  enough  relative  to  d(fj)  to  be  negligible.  To  simplify  the  develop¬ 
ment,  we  will  neglect  the  contribution  of  d(-fj).  If  d(-fj)  is  not  negligible  then  the  algorithm  to  be 
developed  will  indicate  a  source  having  a  negative  aliased  frequency  which  potentially  may  be  screened  out 

Neglecting  the  negative  frequency  contributions,  Xi(ko)  =  2  where  J's  J  is  the 

j=i  2 

number  of  sources  making  a  significant  contribution  to  the  spectral  peak  at  or  near  the  digital  frequency 
k<j/N.  This  expression  describes  the  vector  of  DFT  values  around  a  peak  in  the  DFT  spectrum  of  a  single 
antpnna.  The  DFT  vectors  from  aU  M  antennas  are  placed  as  the  columns  of  an  LxM  matrix  as 
X  =  [Xi(ko) ;  X2(ko) :  •  •  ■  :  XmOco)].  X  may  be  expressed  in  factored  form  as 

X  =  2A;e'’^^'*d(fj)aT(0j,(t)j,Kj)  (LxM)  (8) 

j=i 

where  a]  =  Aj/2  and  a(ej,(t>j,Kj)  =  .  •  •  •  ,  with  Yj(i)  defined  by  (3).  a(ej.<j)j,Kj)  for 

Kj  =  1  is  the  Mxl  array  manifold  vector  for  a  signal  incident  from  the  (9j,<()j)  direction.  The  dependence  on 
Xj,  the  slope  of  the  aliasing  fimction  at  Fj,  is  introduced  as  a  simplistic  means  of  denoting  a  conjugation;  it 
allows  us  to  avoid  breaking  the  sum  in  (8)  into  terms  for  which  the  array  manifold  is  conjugated  and  those 
for  which  it  is  not  conjugated. 


d(fj)=  sincNj  fj- 


ko-L' 


, . . .  ,  sincjvij  ^  —  — —  , . . .  ,  sinCfjj  ^ 


ko  +  L' 


-104- 


Similarly,  the  corresponding  DFT  outputs  from  all  M  antennas  for  the  Y  (time-delayed)  data  is  col¬ 
lected  as  Y  =  [Yi(ko);Y2(ko);  •••  -YmOco)].  Neglecting  negative  frequency  components,  Y  may  be 
expressed  as 

Y  =  X  Aj  d(fj)  a'r(0j,(t)j, Kj)  (L  x  M)  (9) 

j=i 

Equations  (8)  and  (9)  represent  the  pure  signal  component  of  the  spatio-temporal  data  model  assumed 
throughout.  Again,  Kj  is  the  slope  of  the  aliasing  function  g(F)  in  Figure  3  at  F  =  Fj  equal  to  either  +1  or  -1. 
Kj  is  a  notational  tool  that  takes  into  account  the  conjugation  that  occurs  when  Fj  is  in  an  interval  where  the 
aliasing  function  is  downward  sloping. 

3.  ESPRIT  Based  Frequency  Estimation  With  Temporal  Undersampling 

Given  the  data  model  described  by  (8)  and  (9),  the  applicability  of  ESPRIT  [2,3]  is  evident 

Y - pX  =  2  Aj-  - n}d(fj)  a'r(ej,(t)j,Kj)  (10) 

j=l 

The  critical  observation  for  estimating  Fj  is  that  when  |x  =  e  the  rank  of  Y  -  pX  drops  from  V  to  J'— 1 

since  the  /-th  term  drops  out  of  the  sum.  Thus,  pj  j=l,...J',  are  J'  distinct  generalized  eigenvalues 

of  the  LxM  rectangular  matrix  pencil  { Y,  X } . 

The  argument  of  the  ESPRIT  eigenvalue,  arg{pj}  =-Kj27cFjT,  is  plotted  as  a  function  of  the  baseband 
frequency  Fj  for  F,  =  250  MHz  in  Figure  4.  Recall  that  Kj  is  the  slope  of  the  aliasing  function  at  F  =  Fj.  Note 
that  certain  ranges  of  phase  within  (-k,k)  are  not  permissible  as  the  argument  of  Pj.  In  fact,  only  half  of  the 
2jt  interval  (-7i,x:)  is  permissible.  For  example,  under  ideal  noiseless  conditions,  no  value  of  phase  in  the 
interval  (-Jt/8,-2it/8)  is  permissible  as  the  argument  of  pj  = 

The  PRO-ESPRIT  [3]  variant  of  ESPRIT  is  here  employed  as  a  "fast"  implementation  of  ESPRIT  for 
estimating  the  phase  factors,  -Kj2jtFjt,  j= PRO-ESPRIT  operates  on  the  LxL  autocorrelation  and 

cross-correlation  matrices  R^x  =  •;^2Xi0to)Xr(ko)  =  -^XX^  and  Ry*  =  Tr2Yi(k<,)Xi^(ko)=  — YX“. 

M  j"  M  ^  i=l  ^ 

Note  the  number  of  DFT  values  selected  around  the  peak  at  ko,  L,  may  be  as  small  as  two  if  only  a  single 

source  is  contributing  to  the  peak.  The  algorithm  is  first  summarized  and  then  briefly  justified. 

First,  compute  an  EVD  of  R^:  R^x  Uj  =  Xj  uj,  i  =  1 . L,  where  the  eigenvalues  are  indexed  in  order  of 

decreasing  magnitude.  The  number  of  complex  sinusoids  with  aliased  frequency  components  in  the  vicinity 

of  ko,  J'  ^  J,  may  be  determined  from  a  number  of  techniques  including  statistical  tests  that  examine  the 

eigenvalues  such  as  AIC  or  MDL.  With  the  J'  <  L  largest  (signal)  eigenvalues  and  corresponding  signal 

eigenvectors,  construct  the  J'xJ'  diagonal  matrix  Zs  and  the  LxJ'  matrix  Us  as 


-105- 


(11) 


Us  =  [Ui  ;  U2  :  •  •  •  :  Uj']  (12) 

The  smallest  eigenvalue,  Xmin,  is  asymptotically  equal  to  the  noise  power  which  affects  the  diagonal  ele¬ 
ments  of  the  autocoirelation  matrix  Note  for  a  given  antenna  output,  even  if  the  noise  is  not  white,  i.  e., 
the  noise  spectral  density  is  not  flat  over  the  entire  1  GHz  bandwidth,  it  can  be  shown  that  the  noise  contam¬ 
inating  a  small  set  of  successive  DFT  values  is  approximately  i.i.d.  The  final  major  step  is  an  EVD  of 

^  ug  Ry:,  Us  (J'xJO  (13) 

The  eigenvalues  of  ^  are  estimates  of  jjj  =  j=l,...,J'. 

PROOF:  Let  X  =  UsZsVs  be  the  SVD  of  X  including  only  the  J'  nonzero  singular  values  and  correspond¬ 
ing  left  and  right  singular  vectors;  Us  is  LxJ',  Zs  is  J'xJ',  and  Vs  is  MxJ'.  It  follows  from  (8)  and  (9),  that 
range{Us}  =  range{Y)  =  span{d(fi) , ,  d(fj')}  and  range{Vs}  =  range{Y”)  =  span{a*(8i,<))i,Ki) ,  ... 

,  a*(0j',(t)r,Kj')}  such  that  Y  =  UsUs  YVsVs  where  Us  Us  and  VsV^  are  projection  operators.  Thus, 

Y  -  jtX  =  UsUg  Y  VsV^  -  pUsZsVg 
=  UsZs{ZiiU^YVs-nIr}V^ 

=  UsZs{Zi’ufYVsZsUgUsZii  -plrjV^ 

=  UsSs {Zi^Uf  YX^UsZi^  -  plr } (14) 

where  we  have  used  the  fact  that  ZsUsUsZi*  =Ir.  Thus,  the  J'  nontrivial  generalized  eigenvalues  of  the 
LxM  matrix  pencil  (Y ,  X)  may  be  computed  as  the  eigenvalues  of  the  J'xJ'  matrix  Zi^Us  YX'^UsXs'-  The 
proof  is  completed  by  recognizing  that  XX^  =  Us X| Us  •  M 

Iri  the  prototype  system  t  =  .SxlO'^s  such  that  Fj  may  be  estimated  from  the  phase  of  the  j-th  ESPRIT 
eigenvalue  according  to  Fj  =  |  arg{pj  }/2n.  \  (2x10^)  Hz,  j=l,...  J',  where  arg{z}  is  the  phase  angle  of  die  com¬ 
plex  number  z.  Any  error  in  arg{|ij )  due  to  noise  is  grossly  magnified  due  to  the  multiplication  by  10^,  i.  e., 
multiplication  by  a  1  GHz.  Simulations  presented  in  Section  6  reveal  that  the  variance  of  the  baseband  fre¬ 
quency  estimates  obtained  from  ESPRIT  in  this  manner  are  on  the  order  of  10  MHz  while  the  Cramer  Rao 
Lower  Bound  (CRB)  on  the  variance  of  any  unbiased  estimator  of  frequency  is  on  the  order  of  10  KHz.  This 
extreme  differential  motivates  us  to  see  if  we  can  obtain  perfotmance  closer  to  the  CRB  without  incurring 
too  much  additional  computation. 
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The  above  approach  is  referred  to  as  the  Direct  ESPRIT  approach.  An  alternative  approach  is  referred 
to  as  Indirect  ESPRIT.  The  steps  in  Indirect  ESPRIT  are:  (i)  estimate  the  digital  frequency  fj,  (ii)  convert  fj 
to  the  aliased  analog  frequency  via  F|  =  fj  Fs,  and  (iii)  translate  F*  up  to  the  proper  aliasing  zone  using  the 
phase  of  the  ESPRIT  eigenvalue  Pj,  in  conjunction  with  Figure  4,  where  F|  is  either  added  to  or  subtracted 
from  an  integer  multiple  of  the  sampling  rate  to  estimate  the  actual  baseband  frequency.  Two  computation¬ 
ally  efficient,  high-resolution  algorithms  for  estimating  the  aliased  frequencies  using  DFT  values  as  input  are 
Beamspace  Root-MUSIC  [4]  and  Beamspace  ESPRIT  [5].  Recall  high-resolution  capability  is  necessary 
since  sources  well  separated  in  analog  frequency  may  be  very  closely-spaced  in  digital  fiequency  due  to 
aliasing.  However,  despite  their  relative  computational  efficiency,  implementing  either  of  these  two  algo¬ 
rithms  represents  a  substantial  increase  in  computational  complexity. 

More  important,  though,  is  the  data  association  problem  wherein  the  aliased  frequency  estimates  must 
be  paired  with  the  correct  ESPRIT  eigenvalue  so  that  it  is  translated  to  the  proper  alias  zone.  If  the  aliased 
frequencies  are  estimated  independently  of  the  ESPRIT  eigenvalues,  this  pairing  problem  is  very  difficult, 
insurmormtable  when  sources  are  closely-spaced  in  frequency  after  aliasing.  Fortuitously,  eigenvector  infor¬ 
mation  provided  by  PRO-ESPRIT  facilitates  automatic  pairing  of  the  aliased  frequency  estimates  with  the 
corresponding  ESPRIT  eigenvalues.  In  addition,  the  eigenvector  information  generated  by  PRO-ESPRIT 
provides  a  means  for  isolating  the  individual  contribution  of  each  source  despite  aliasing.  This  facilitates 
simple  estimation  of  the  aliased  frequency  associated  with  each  source.  It  may  be  done  on  an  individual 
basis  asRiiTTiing  a  single  source  leading  to  a  simple  closed-form  foraiula  as  shown  shortly. 

The  j-th  Mxl  right  generalized  eigenvector,  rj,  of  the  LxM  rectangular  matrix  pencil  {Y,X)  is  that  vec¬ 
tor  satisfying  {Y  -  pjXjrj  =0.  Substituting  the  noiseless  (ideal)  forms  of  the  X  and  Y  data  matrices: 

.  X  a]  -  H)  d(fj)  aT(9j,(t)j,Kj)l  rj  =  0  (15) 

b='  J 

When  p.  =  the  l-th  term  d(f,)  a^(0/,<j)/,iq)  drops  out  of  sum  such  that  a^(0;,(|)/,iq)  rj  =0  for 

/  =  1,...,J',  Hence,  rj  can  be  used  to  extract  d(fj)  to  within  a  scalar  multiple: 

Xrj-d(fj)  (Yrj«d(fj)) 

A  key  point  is  that  the  estimate  of  d(fj)  obtained  in  this  manner  is  automatically  paired  with  the  ESPRIT 
eigenvalue  that  is  an  estimate  of  pj  =  since  rj  is  the  right  generalized  eigenvector  associated  with  Pj. 

A 

Thus,  a  frequency  estimation  algorithm  that  assumes  a  single  source  may  be  applied  to  d(fj)  to  estimate  fj. 

Note,  we  only  desire  rj  in  order  to  compute  X  rj  as  our  estimate  of  d(fj)  to  within  a  scalar  multiple. 
We  can  bypass  the  computation  of  rj  and  construct  Xrj  directly  from  the  J'xl  right  eigenvectors  of 
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defined  by  (13),  satisfying  'Fpj  =  |XjPj,  From  (14)  and  (15),  it  follows  that 

d(fj)  -  Xrj  =  Us  Xs  Pj  (16) 

where  Zs  and  Us  are  constructed  from  the  J'  largest  eigenvalues  and  corresponding  eigenvectors  of 
according  to  (11)  and  (12),  respectively. 

Next,  we  apply  Beamspace  ESPRIT  [5]  to  d(fj)  to  estimate  fj.  After  much  algebraic  manipulation,  the 
single  source  assumption  leads  to  the  following  simple  formula  for  estimating  fj; 


fj  =  ^  arg|d“(fj)  A*  Pi  d(fj)|  j=l,..,J' 


where  d(fj)  is  computed  as  in  (16)  and  Pi  and  A  are  each  LxL  matrices  defined  as 
Pi=lL--J-ll'^  A  =  diagJ  ' 


.  k.+L' 


where  1  is  an  Lxl  vector  composed  of  all  ones.  The  aliased  analog  frequency  is  then  estimated  as  Fj  =  F,fj, 
where  F,  =  250  MHz  in  our  prototype  system.  Rather  than  develop  the  formula  in  (17)  as  a  simplification  of 
the  general  Beamspace  ESPRIT  algorithm  presented  in  [5],  due  to  space  limitations  we  here  simply  present  a 
proof  that  it  works  when  d(fj)  =  d(fj). 

PROOF:  First,  we  need  to  define  some  quantities.  Let  W  denote  an  LxN  matrix  whose  rows  are  L  succes¬ 
sive  rows  of  the  NxN  DFT  matrix  associated  with  the  DFT  indices,  ko  -L', ... ,  Iq, , ... ,  Iq,  +L'.  Let  Wi  and 
W2  be  composed  of  the  first  and  last  N-1  columns  of  W,  respectively.  Wj  and  W2  are  each  Lx(N-l)  and 
related  as  W2  =  AWi.  Finally,  let  denote  the  last  column  of  W;  =  diag(A^”*),  where  diag  (•)  con¬ 
verts  the  LxL  diagonal  matrix  A^“^  to  an  Lxl  column  vector.  Note,  the  first  column  of  W  is  1  such  that 
Pi  w  =  [Ol  ;  Pi  W2]  =  [Ol  ;  Pi  AWi  ],  where  Ol  is  an  Lxl  vector  composed  of  all  zeroes. 

Next,  define  v(f)  as  the  Nxl  Vandermonde  vector  v(f)=  [  1 ,  e^^^^  ,  ,  •  •  •  ,  Let 

vi(f)  and  V2(f)  be  composed  of  the  first  and  last  N-1  elements  of  v(f),  respectively.  vi(f)  and  V2(f)  are  each 
(N-l)xl  and  related  as  V2(f)  =  eJ^vi(f).  With  these  definitions  and  relationships,  it  follows  that 


d«(fj)  A*  Pi  d(fj)  =  v«(fi)  W«  A*  Pi  W  v(fj) 

=  v”(fj)  W”  A*  Pi  AWi  vi(fj)  e^ 


=  {v?(fj)  W?  +  wg}  A*  Pi  AWi  vi(fj)  e^*^' 
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=  v?(fj)  W?  A*  Pi-  AWi  Vi(fj)  +  I'^Pi  AWi  vi(fj)e 


=  {v?(fj)  W?  A*  Pi  AWi  vi(fj)} 

where  we  have  used  the  fact  that  w^}  A*  =diag”(A^"^)A*  =diag“(A^"‘A)  =  diag“(lL)=  where 
diag^(D)  is  intended  to  mean  convert  the  diagonal  matrix  D  to  a  column  vector  and  conjugate  transpose  (in 
that  order). 

Since  v?(fj)  W?  A*  P}  AWi  vi  (fj)  is  real-valued,  it  follows  that  arg{d^(fj)  A*  Pj-  d(fj)}  =  27ifj.  9 

Comparing  the  Direct  and  Indirect  ESPRIT  methods,  in  the  former  the  phase  of  the  J-th  eigenvalue  of 
*P  is  multiplied  by  talO^  while  in  the  latter  the  phase  of  d”(fj)  A*  Pj-  d(fj)  is  multiplied  by  250xl0®/2jc. 
The  multiplicative  factor  in  the  latter  is  three  orders  of  magnitude  lower  than  that  in  the  fonner.  This  is  a 
heuristic  explanation  as  to  why  the  perforaiance  of  the  Indirect  ESPRIT  method  comes  much  closer  to 
achieving  the  Cramer  Rao  Lower  Bound  (CRB)  than  the  Direct  ESPRIT  method. 

The  formula  for  translating  Fj  up  to  the  proper  aliasing  zone  is  dictated  by  Figure  4  wherein  the  phase 
of  the  ESPRIT  eigenvalue  jx  =  e“j'^’'^^,  where  t  =  .SxlO'^s,  is  plotted  as  a  function  of  the  analog  baseband 
frequency,  0  s  F  ^  1  GHz.  Within  the  interval  (-K,  k)  are  eight  disjoint  permissible  intervals,  each  having  a 
width  of  n/8  and  a  one-to-one  correspondence  with  each  of  the  eight  aliasing  zones  depicted  in  Figure  3.  If 
the  phase  of  the  ESPRIT  eigenvalue  lies  within  one  of  these  permissible  intervals,  F®  is  translated  to  the 
corresponding  aliasing  zone  accordingly  where  it  is  either  added  to  or  subtracted  from  the  appropriate  integer 
multiple  of  250  MHz .  If,  due  to  noise,  the  phase  of  the  ESPRIT  eigenvalue  lies  within  one  of  the  impermis¬ 
sible  regions,  it  is  projected  into  the  nearest  pemiissible  region.  This  decomposes  the  interval  (-tc,  jc)  into 
eight  distinct  intervals,  each  having  a  width  of  jc/4,  and  having  a  one-to-one  correspondence  with  each  of  the 
eight  possible  aliasing  zones  plotted  in  Figure  3.  The  baseband  frequency  of  the  j-th  source,  Fj,  is  ultimately 

''a 

determined  from  the  aliased  frequency  estimate,  Fj ,  accordmg  to 

Fi=  Fj  - 250x10^  round! 1  Hz  for  -15it/ 16  <  arglpj}  <  ic  (19) 
J  J  I  Jt/4  J 

Fj  =  lxlO^-F-  Hz  for  -rt<  arg{pj}  <-157c/ 16 

where  round[x]  is  the  nearest  integer  to  x  as  defined  previously. 

As  an  example,  if  arg{|ij }  is  either  in  the  impermissible  region  7c/16<arg{|tj}<Jc/8,  the  permissible 

a 

region  1C  /  8  <  arg{|ij }  <  2ic  /  8,  or  the  impermissible  region  2ic  /  8  <  arg{p.j }  <  5it  /  16,  Fj  is  subtracted  from 
250  MHz  to  obtain  Fj.  Simulations  presented  in  Section  6  reveal  (19)  to  be  a  very  robust  formula  for 
translating  F*  to  the  proper  aliasing  zone.  Note,  that  if  we  are  off  by  one  in  selecting  the  correct  aliasing 
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zone  a  very  large  error  may  be  incurred.  Two  adjacent  aliasing  zones  differ  in  that  in  one  Fj  is  added  to  nF, 
while  in  the  other  it  is  subtraced  from  (n+l)Fj. 

4.  2-D  Angle  Estimation  With  Spatial  UndersampHng  Via  PRO-ESPRIT  and  Integer  Search 


4.1  Estimation  of  the  Array  Manifold  for  Each  Source 

In  Section  3,  we  saw  that  use  of  the  right  generalized  eigenvectors  of  the  LxM  matrix  pencil  {Y,X} 
facilitates  a  simple  procedure  for  estimating  the  aliased  frequency  of  a  source  that  was  automatically  paired 
with  an  ESPRIT  eigenvalue  thereby,  in  turn,  facilitating  simple  translation  up  to  the  proper  aliasing  zone. 
The  left  generalized  eigenvectors  of  the  LxM  matrix  pencil  {Y,X}  play  a  similar  role  in  the  problem  of 
estimating  the  azimuth  and  elevation  angle  of  each  source  contributing  to  a  given  peak  in  the  DFT  spectrum. 
Specifically,  the  j-th  left  generalized  eigenvector  of  {Y,X}  is  used  to  extract  from  the  X  and  Y  data  an  esti¬ 
mate  of  the  array  manifold  for  the  j-th  source,  denoted  a(0j,(t)j,K:j).  Recall  the  inclusion  of  Kj  in  the  definition 
of  the  array  manifold  is  a  notational  tool  to  reflect  the  fact  that  the  array  manifold  is  conjugated  when  the 
baseband  frequency  is  located  on  a  downward  sloping  portion  of  the  aliasing  fimction. 


The  j-th  Lxl  left  generalized  eigenvector,  Ij,  of  the  LxM  rectangular  matrix  pencil  {Y,X}  is  that  vector 
satisfying  ij*  {Y  -  |ijX}  =  0.  Substituting  the  noiseless  (ideal)  forms  of  the  X  and  Y  data  matrices,  we  have 


if  a;  -  n}d(fj)  aT(ej.(|)j,Kj)|=  0 


(20) 


When  n  =  the  /-th  term  d(f/)a’^(0/,())/,iq)  drops  out  of  the  sura  such  that  if  d(f/)  =  0  for 

/  =  1 . J',  I  ?!:  j.  Hence,  Ij  can  be  used  to  extract  a(0j,(t)j,Kj)  to  within  a  scalar  multiple: 

if  X«  a'’'’(0j,(j)j,Kj)  =>  X"^!*  a(0j,(t>j,Kj)  if  Y  a'^(0j,(|)j,Kj)  =>  Y"^!*  «=  a(0j,(t)j,Kj)  (21) 


Thus,  applying  the  j-th  left  generalized  eigenvector  allows  us  to  extract  an  estimate  of  the  array  mani¬ 
fold  forthe  j-th  source  which,  in  turn,  may  be  operated  upon  to  estimate  the  azimuth  and  elevation  angles  of 
the  j-th  source.  The  latter  problem  is  greatly  simplified,  specifically  in  cases  where  sources  are  very  closely- 
spaced  in  digital  frequency  due  to  aliasing,  due  to  the  ability  to  isolate  a  single  source  contribution.  In  addi¬ 
tion,  since  Ij  is  associated  with  the  ESPRIT  eigenvalue  lij  =e  azimuth  and  elevation  angle  esti¬ 

mates  obtained  by  processing  the  estimate  of  a(0j,(!)j,Kj)  are  automatically  paired  with  the  estimate  of  Fj 
obtained  via  the  algorithm  developed  in  Section  3.  Knowledge  of  Fj  is  tantamount  to  knowledge  of  the 
proper  aliasing  zone.  This  allows  us  to  determine  the  value  of  Kj  enabling  us  to  resolve  a  180“  ambiguity  in 
the  azimuth  angle  estimate  (flipping  the  sign  of  Kj  introduces  a  180“  change  in  azimuth  angle). 


- 110- 


Similar  to  the  case  with  the  right  generalized  eigenvectors,  the  j-th  Lxl  left  generalized  eigenvector,  Ij, 
of  the  LxM  rectangular  matrix  pencil  {Y,X}  may  be  efficiently  computed  from  the  J'xl  j-th  left  eigenvector, 
Oj,  of  T  in  (13)  satisfying  af  ^  =  p-jaf ,  j=l,...,J'.  From  (14)  and  (20),  it  follows  that 

lj  =  UsZi‘aj  j=l . r  (22) 

Recall  y  is  the  number  of  sources  making  a  nonnegligible  contribution  to  a  particular  DFT  spectral  peak 
which  may  be  as  small  as  one  if  sources  are  well  separated  in  digital  frequency. 

In  general,  the  problem  of  2-D  angle  estimation  is  considerably  more  computationally  complex  than 
the  problem  of  1-D  angle  estimation.  Fortuitously,  the  isolation  of  single  source  components  via  PRO- 
ESPRIT  facilitates  separable  2-D  angle  estimation  given  an  appropriate  array  geometry.  For  example,  con¬ 
sider  a  2-D  array  consisting  of  two  orthogonal  linear  arrays,  e.g.,  an  L-shaped  array.  Since  we’ve  isolated  a 
single  source  component,  we  can  determine  the  direction  cosine  of  a  source  relative  to  each  axis  indepen¬ 
dently.  Each  leg  may  be  processed  independently  applying  an  appropriate  1-D  angle  estimation  algorithm. 
The  X  and  y  direction  cosines  are  automatically  paired  with  each  other  as  well  as  with  the  corresponding  fte- 
quency  estimate.  Simple  trigonometry  may  be  invoked  to  convert  the  x  and  y  direction  cosines  into  azimuth 
and  elevation  angle  estimates. 


4J,  Prescription  for  Nonuniform  Element  Spacing  Facilitating  Nonambiguous  Angle  Estimation 

In  accordance  with  the  discussion  in  Section  1,  to  achieve  a  high  degree  of  resolution  power  and  esti¬ 
mator  accuracy  and  yet  avoid  mutual  coupling,  the  elements  of  each  leg  of  the  L-shaped  array  arc  spaced 
nonunifonnly  with  interelement  spacings  much  greater  than  a  half-wavelength.  The  design  problem  is  two¬ 
fold:  (i)  development  of  a  prescription  for  “good”  interelement  spacings  for  unambiguous  angle  estimation 
relative  to  each  array  axis  and  (ii)  development  of  a  computationally  simple  algorithm  for  processing  the 
estimate  of  the  array  manifold  provided  by  PRO-ESPRIT  to  estimate  the  direction  cosine  of  a  source  with 
respect  to  each  axis.  We  here  assume  a  small  number  of  antenna  elements  due  to  cost  and  complexity  of 
hardware  considerations  and  space  limitations  on  the  antenna  platform  attached  to  the  aircraft 

The  L-shaped  array  geometry  employed  in  the  simulations  presented  in  Section  6  is  depicted  in  Figure 
2.  The  corresponding  array  manifold  is 
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where  Uj  and  vj  are  the  direction  cosines  of  the  j-th 
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source  relative  to  x-axis  and  y-axis,  respectively,  and  Aj 
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The  objective  is  to  choose  di  and  so  that  alignment,  i.  e.,  =  vf,  only  occurs  for  k  =  /  =  0. 

Equating  the  expressions  for  and  vf 
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This  indicates  that  ambiguities  may  possibly  arise  if  —  is  rational.  Express  -j”  ^  ”  17  ’  *  ^d 
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k'  are  relatively  prime,  i.  e.,  have  no  common  factors  other  than  unity.  The  set  of  ambiguous  angles  is  then 

v„  =  Vk,  +  n  k'  —  =  Vio  +  n  /'  —  for  any  n  for  which  -1  <  Vn  <  1.  Consider  the  case  of  n=l.  If  we  make 
^  di  ^  d2 

V  Ju 

sure  that  either  Vio  +  k'—  or  Vjo  +  V—  lies  outside  the  visible  region,  i.  e.,  is  either  less  than  -1  or  greater 
di  ■’  d2 

than  +1,  then  there  is  no  ambiguity.  That  is,  within  the  visible  region  corresponding  to  direction  cosines 
with  absolute  value  less  than  1  there  is  only  alignment  at  n=0  or  k  =  /  =  0. 

Part  of  the  design  procedure  then  is  to  select  di  and  d2  such  that  the  relatively  prime  factors  V  and  k' 
comply  with  one  of  the  following  conditions.  Either 


These  conditions  depend  on  the  direction  cosine  of  the  source.  To  remove  the  data  dependence,  we  over¬ 
specify  and  let  vjo  =  1  for  the  lower  bound  limit  and  Vjo  =  -1  for  the  upper  bound  limit  The  goal  then  is  to 
select  di  and  d2  such  that  the  relatively  prime  factors  /'  and  k'  comply  with  one  of  the  following  conditions. 
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With  —  =  — ,  where  k'  and  V  are  relatively  prime,  if  either  of  the  conditions  above  are  satisfled,  then 
di  k 

within  the  visible  region  the  ambiguities  only  align  at  true  source  direction  cosine,  Vjo. 

Note  that  satisfying  the  condition  above  at  18  GHz  guarantees  that  ambiguities  may  be  resolved  at 
lower  frequencies  since  [k'^inl  =  l^maxl  =  floorfldi  /Xj]  decreases  with  decreasing  frequency  (increasing  Xj) 
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as  does  =  l^'maxl  =  floor[2d2  /  Xj]. 

As  an  illustrative  example,  for  the  simulations  we  chose  di  =  2.3  in  and  d2  =  5.3  in.  Consider  the  upper 
limit  of  the  2-18  GHz  spectrum,  18  GHz,  for  which  the  wavelength  is  X  =  2/3  in.  (30)  dictates  that  at  18 
GHz,  k'^{-6 , 6}  and  /'^{-14 ,14}.  Expressing  d2/di  as  the  ratio  of  two  relatively  prime  numbers  as 

M  =  il  we  see  that  k'  =  23  ^  {-6 , 6)  and  /'=53  ^  {-14 , 14}  so  that  both  conditions  in  (30) 
di  2.3  23  k' 

are  satisfied  and  the  direction  cosine  may  be  uniquely  determined  over  the  entire  2-18  GHz  spectrum. 


4J  Integer  Search  Algorithm  for  Direction  Cosine  Estimation 

We  have  shown  that  through  judicious  selection  of  the  interelement  spacings,  it  is  theoretically  possible 
to  uniquely  determine  the  true  source  direction  cosine.  We  now  develop  an  algorithm  to  do  such.  With 

respect  to  Figure  2,  element  pairs  1-2  and  4-5  provide  two  measurements  of  \|ri  =  arg(e  ^  }.  The  candi¬ 

date  estimates  of  vjo  in  the  "visible"  region  — 1  ^  v  ^  1  are 
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Let  k*  be  that  for  which  vjo  =  — ^¥i  +  k*  We  will  determine  k*  by  stepping  through  the  integers  in 

2Tcdi  cli 

the  range  of  k  in  (31),  evaluating  a  metric  for  each  corresponding  v^'\  and  selecting  that  value  for  which  the 
metric  is  minimum.  An  appropriate  metric  is  developed  below.  Note,  since  di  is  the  smallest  interelement 
spacing  represented  in  the  array,  the  number  of  ambiguous  angles  associated  with  the  corresponding  phase 
measurement  ¥i  is  least  This  is  in  line  wi±  the  ovenidding  goal  of  keeping  the  computational  load  as  small 
as  possible. 


Element  pairs  1-3  and  3-5  provide  two  measurements  of  x|/2  =  arg{e 
of  Vjo  in  the  "visible"  region  are 
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Let  I*  denote  that  value  of  I  such  that  vP  =  vjo.  Equating  the  expressions  for  v^^^  and  vp^  in  (31)  and  (32), 

respectively,  yields  -^¥i  +  =  ^^“¥2  +  Selecting  di  and  d2  in  accordance  with  the  prescrip- 

2jali  di  2ju12  d2 

tion  developed  previously,  vP^  =  vP^  only  when  k=k*  and  l-l  * .  Solving  for  /  yields 
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It  follows  that  in  stepping  through  the  range  of  feasible  integers  k,  (33)  yields  an  integer  value  of  /  only  when 
k  =  k*  forwhich/  =  /*. 

An  algorithm  for  determining  k*  then  is  as  follows.  For  each  integer  k  in 
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,  floor  -T - — -  },  compute  the  corresponding  I  according  to  (33).  Select  k*  as  that 

Aj  2% 


for  which  1  /— round[/]  |  is  minimum,  where  round  [  /  ]  is  the  integer  closest  to  /.  Although  this  is  a  rather 
ad-hoc  technique,  it  is  computationally  simple  and  simulations  reveal  that  it  performs  very  well  with  respect 
to  resolving  the  ambiguity. 

So  far  we’ve  only  made  use  of  the  relative  phase  measurements  associated  with  the  interelement  spac- 

)2n — J- — V,. 

ings  di  and  dj.  Element  pairs  2-3  and  3-4  provide  two  measurements  of  \|/3  =  arg{e  ^  ).  Equating 

Xi  Xi 

yP)  _ - 13 - ^  jQ — 12^  with  the  expression  for  vP  and  solving  for  m  yields 
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Relative  to  the  prototype  array  in  Figure  2,  — - —  =  (30)  dictates  that  at  18  GHz 

Ql  2.3  23  K. 

k'^  {-6 , 6}  and  m'^  {-8,8}.  Since  k'=23  and  m'=30,  the  conditions  are  satisfied  so  that  (34)  only  yields  an 
integer  when  k  =  k* . 

j2Jt - j- - 

Similarly,  element  pairs  1-4  and  2-5  provide  two  measurements  of  11/4  =  arg{e  ^  }.  Equating 

Xj  Xj 

v^!*^  = - - - XI/4  -t-  n- — 4_  with  the  expression  for  v^^^  and  solving  for  n  yields 
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Relative  to  the  prototype  array  in  Figure  2,  — ^ =  'H'  =  (30)  dictates  that  at  18  GHz 

Qj  2.3  23  K 

k'^  {-6 , 6}  and  n'^  {-22 , 22).  Since  k'=23  and  n'=83,  the  conditions  are  satisfied  so  that  (35)  only  yields 
an  integer  when  k  =  k* . 

A  refined  algorithm  for  determining  k*  is  as  follows.  For  each  integer  k  in 
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(34),  and  (35),  respectively.  Select  k*  as  that  for  which  |/-round[/]|  +  im-round(m]i  +  |n-round[n]|  is 
minimum.  Once  k*  is  determined,  compute  1*,  m*,  and  n*  by  substituting  k*  into  (33),  (34),  and  (35), 
respectively.  Compute  the  corresponding  estimates  of  the  direction  cosine  according  to 
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and 
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The  direction  cosine  relative  to  the  vertical  axis  is  estimated  as  a 


2rt(2d2-di)  ■  2d2-di 

weighted  sum  of  these  estimates.  Each  direction  cosine  estimate  is  weighted  by  the  corresponding  interele¬ 
ment  distance  as  the  accuracy  of  the  estimate  increases  with  increasing  distance,  provided  one  can  resolve 


the  ambiguity. 

A  similar  procedure  may  be  used  to  estimate  the  direction  cosine  relative  to  the  horizontal  axis.  A 
flowchart  of  the  overall  algorithm,  including  frequency  estimation,  is  depicted  in  Figure  5.  The  computa¬ 
tional  simplicity  is  evident.  Note,  due  to  space  limitations,  the  processing  of  the  left  eigenvectors  indicated 
in  the  flowchart  is  only  relative  to  a  single  leg  and  needs  to  be  repeated  for  each  leg. 

5.  Simulation  Examples 

The  performance  of  the  frequency  and  2-D  angle  estimation  algorithm  summarized  in  the  flowchart  in 
Figure  5  was  examined  in  two  simulation  examples.  Example  1  involves  two  sources  very  closely-spaced  in 
frequency  after  sampling  due  to  aliasing.  Example  2  represents  a  very  stressful  signal  environment  involving 
four  sources  very  closely-spaced  in  frequency  after  sampling.  In  both  cases  simulations  were  conducted  at 
the  lower  and  upper  ends  of  the  2-18  GHz  spectrum.  This  was  done  to  show  that  the  algorithm  works  prop¬ 
erly  over  a  very  wide  bandwidth  using  the  same  physical  array,  the  M=9  element  L-shaped  array  with 
geometry  depicted  in  Figure  2.  Note,  at  18  GHz  the  wavelength  is  roughly  2/3  in.  such  that  the  smallest 
interelement  spacing  in  the  L-array,  di  =  2.3  in,  is  roughly  7  times  a  half-wavelength.  In  general,  both  dj 
and  d2  are  several  times  greater  than  a  half- wavelength  at  all  frequencies  in  the  band  2-18  GHz. 

The  simulation  parameters  indicated  in  Figures  1  and  2  were  common  to  all  simulation  runs.  In  all 
cases,  the  signal  scenario  was  composed  of  equi-powered  RF  pulsed  signals  (monochromatic  planewaves) 
that  were  "turned  on"  during  the  entire  .5  |xs  interval  in  which  128  samples  were  collected.  White  Gaussian 
noise  was  added  to  the  raw  data  samples  output  fiom  each  channel  of  each  antenna,  in  accordance  with  the 
raw  data  model  described  in  Equations  (36)  and  (37)  of  Appendix  A,  prior  to  computing  the  128  pt  DFT. 
Finally,  the  Cramer  Rao  Lower  Bound  for  a  particular  set  of  simulation  parameters  was  computed  according 
to  expressions  developed  in  Appendix  A. 
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Exan^yle  1.  The  parameters  describing  the  two  signal  arrivals  are  listed  in  Table  I.  In  the  one  set  of 
simulations  the  signals  were  in  the  2-3  GHz  band  and  the  mixing  frequency  was  2  GHz,  while  in  the  other 
the  signals  were  in  the  17-18  GHz  band  and  the  mixing  frequency  was  17  GHz.  A  typical  DFT  spectrum 
representative  of  any  of  the  18  sampled  chaimels  (two  channels  for  each  of  M=9  antennas)  for  either  signal 
band  (2-3  GHz  or  17-18  GHz),  is  plotted  in  Figure  8.  Due  to  their  relative  proximity,  the  two  signal  arrivals 
give  rise  to  a  single  peak  in  the  positive  frequency  portion  of  the  spectrum.  The  frequency  and  2-D  angle 
estimation  algorithm  was  applied  to  the  DFT  values  in  the  range  11-14.  In  each  run,  the  major  computations 
were  a  4x4  EVD  followed  by  a  2x2  EVD.  Sample  statistics  computed  from  250  independent  runs  for  each  of 
a  number  of  different  SNR’s  are  plotted  in  Figures  6, 7, 9,  and  10. 

Rgures  6  and  9  reveal  the  high  variance  of  the  Direct  ESPRIT  frequency  estimates,  three  orders  of 
magnitude  greater  than  the  CRB,  in  accordance  with  the  discussion  in  Section  3.  The  sample  standard  devia¬ 
tions  of  the  Indirect  Beamspace  ESPRIT  frequency  estimates  are  very  close  to  the  CRB,  particularly  for 
SNR’s  greater  than  4  dB.  An  important  point  to  note  is  that  despite  how  closely-spaced  the  two  sources  are 
in  frequency  after  aliasing,  in  aU  cases,  i.  e.,  for  each  source,  for  each  SNR  tested,  and  for  each  of  250 
independent  runs,  the  aliased  frequency  estimate  obtained  from  Beamspace  ESPRIT  was  translated  to  the 
proper  aliasing  zone.  This  demonstrates  the  robusmess  of  the  translation  formula  in  (19).  Note  that  the 
biases  of  the  frequency  estimates  were  always  less  than  or  equal  to  1  MHz  which  is  negligible  relative  to  the 
actual  RF  frequencies  which  are  in  the  band  2-18  GHz. 

Relative  to  the  appropriate  CRB,  the  performance  of  the  angle  estimation  subroutine  is  not  neaiiy  as 
good  as  that  of  the  frequency  estimation  subroutine.  The  sample  standard  deviations  of  the  angle  estimates 
obtained  from  the  integer  search  algorithm  are  roughly  two  orders  of  magnitude  greater  than  the  CRB.  This 
is  true  for  both  azimuth  and  elevation  angle  estimation  as  evidenced  in  Figures  7  and  10,  respectively,  and 
for  both  ends  of  the  2-18  GHz  spectrum.  Better  performance  may  be  achieved  by  using  the  angle  estimates 
from  the  integer  search  algorithm  as  starting  points  for  localized  Newton  searches  of  a  1-D  or  2-D  MUSIC 
spectrum  or  for  initializing  the  expectation  maximization  algorithm,  for  example.  However,  imperfections  in 
the  hardware  implementation  of  the  algorithm  may  preclude  achieving  the  CRB  which  for  the  case  where  the 
signals  are  in  the  17-18  GHz  band  is  roughly  a  thousandth  of  a  degree.  It  may  be  very  difficult  to  achieve 
this  kind  of  accuracy  in  practice  even  if  it  is  achieved  in  simulation.  Note,  although  the  sample  variances  of 
the  angle  estimates  were  large  relative  to  the  CRB,  the  sample  biases  were  very  small.  Although  not  plotted, 
the  sample  biases  obtained  in  the  2-3  GHz  range  were  less  0.1°  in  all  cases,  even  at  0  dB  SNR,  while  the 
sample  biases  obtained  in  the  17-18  GHz  range  were  less  0.01°  in  aU  cases,  even  at  0  dB  SNR. 
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Again,  for  signals  in  the  17-18  GHz  band,  the  smallest  interelement  spacing  in  the  L-array  employed  is 
roughly  7  times  greater  than  a  half-wavelength.  For  a  given  source  in  a  given  run  and  for  a  given  leg  of  the 
array,  the  integer  search  algorithm  had  to  choose  which  of  roughly  seven  possible  angles  is  the  correct  one. 
For  all  SNR’s  tested,  the  algorithm  chose  an  angle  in  the  vicinity  of  the  actual  angle  in  all  250  independent 
runs  despite  how  closely-spaced  the  two  sources  were  in  flrequency  after  aliasing. 

Note,  whereas  the  performance  of  the  frequency  estimation  phase  of  the  algorithm  did  not  vary 
significantly  from  one  end  of  the  2-18  GHz  spectrum  to  the  other,  the  perfonnance  of  the  angle  estimation 
phase  of  the  algorithm  did.  The  sample  standard  deviations  of  the  angle  estimates  obtained  in  the  17-18  GHz 
range  are  roughly  an  order  of  magnitude  smaller  than  those  for  the  corresponding  sources  in  the  2-3  GHz 
range.  This  is  to  be  expected  since  the  aperture  length  in  tenns  of  wavelengths  at  18  GHz  is  roughly  an  order 
of  magnitude  greater  than  that  at  2  GHz. 

Example  2.  This  simulation  example  is  presented  to  demonstrate  the  power  of  the  algorithm  in  light  of 
the  stressful  nature  of  the  signal  scenario.  The  parameters  describing  each  of  the  four  signal  arrivals  simu¬ 
lated  are  listed  in  Table  II.  A  typical  DFT  spectrum  is  plotted  in  Figure  13.  The  four  signal  arrivals  give  rise 
to  a  single  split  peak  in  the  positive  frequency  portion  of  the  spectrum.  The  frequency  and  2-D  angle  estima¬ 
tion  algorithm  was  applied  to  the  DFT  values  in  the  range  24-28.  In  each  run,  the  major  computations  are  a 
5x5  EVD  followed  by  a  4x4  EVD.  Sample  statistics  computed  ftom  250  independent  runs  for  each  of  a 
number  of  different  SNR’s  are  plotted  in  Figures  11, 12, 14  and  15. 

Despite  the  fact  that  the  four  sources  were  all  aliased  to  within  a  4  MHz  range,  perfonnance  similar  to 
that  obtained  in  the  much  less  stressful  signal  scenario  of  Example  1  was  achieved.  Relative  to  the  17-18 
GHz  simulation,  for  a  given  source  in  a  given  run  and  for  a  given  leg  of  the  array,  the  integer  search  algo¬ 
rithm  had  to  choose  which  of  roughly  seven  possible  angles  is  the  correct  one.  For  SNR’s  greater  than  or 
equal  to  5  dB,  the  algorithm  chose  an  angle  in  the  vicinity  of  the  actual  angle  in  all  250  independent  runs.  At 
0  dB,  ah  erroneous  angle  was  selected  roughly  10%  of  the  time.  This  yielded  a  very  large  sample  variance 
not  plotted  in  either  Figure  12, 14  or  15.  Bearing  in  mind  the  stressful  namre  of  the  signal  environment,  four 
sources  aliased  to  within  a  4  MHz  range,  this  is  actually  remarkable  performance. 

6.  Final  Comments 

The  frequency  and  2-D  angle  estimation  algorithm  developed  within  and  summarized  in  Figure  5  is  not 
able  to  handle  sources  that  are  aliased  to  exactly  the  same  frequency.  Examining  Figure  3,  this  will  occur  if 
(i)  two  sources  are  separated  in  frequency  by  nF,  or  (ii)  one  source  is  at  nFg  -  AF  wtrile  another  source  is  at 
nFj  +  AF,  where  n  is  an  integer.  The  failure  of  the  algorithm  in  this  case  is  due  to  a  rank  deficiency  in  the  X 
and  Y  data  matrices  similar  to  the  coherent  signal  problem  encountered  in  array  signal  processing  [9].  At  the 


-118- 


cost  of  a  modest  increase  in  computation,  this  deficiency  may  be  overcome  by  working  with  spatial  covari¬ 
ance  matrices,  as  opposed  to  frequency  domain  covariance  matrices,  and  performing  a  single  forward- 
backward  average  when  processing  each  leg  of  the  L-array  independently.  The  single  forward-backward 
average  is  facilitated  by  the  symmetric  placing  of  elements  along  an  axis.  A  more  general  measure  would  be 
to  incorporate  an  additional  sampled  channel  at  a  different  rate,  e.  g.,  225  MHz.  This  is  the  subject  of  ongo¬ 
ing  investigation. 
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Appendix  A.  Computation  of  Cramer  Rao  Lower  Bound  for  Frequency  and  2-D  Angle  Esti¬ 
mation 

The  data  model  used  for  calculating  the  CRB  is  the  raw  data  output  from  the  reference  and  time- 
delayed  channels  of  each  of  M  antennas.  By  raw  data,  we  mean  that  prior  to  any  processing  including  the 
FFT  (or  DFT).  Let  x(n)  denote  the  Mxl  vector  the  i-th  component  of  which  is  the  raw  data  output  from  the 
reference  channel  of  the  i-th  antenna,  i=l,...,M,  at  the  n-th  sampling  instant,  n=0,l,...J^-l.  Let  y(n)  be 
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defined  similarly  relative  to  the  time-delayed  channel  at  each  antenna.  From  the  initial  development  in  Sec¬ 
tion  2,  it  follows  that  x(n)  and  y(n)  may  be  expressed  as 

x(n)  =  Re{A£2"c) -i-nx(n)  n  =  0,l,...,N-l  (36) 

y(n)  =  Re{AQ"Oc} -i-ny(n)  n  =  0,l,...,N-l  (37) 

The  various  quantities  in  (36)  and  (37)  are  defined  below.  A  is  the  MxJ  DOA  matrix 

A  =  [a(0i M) :  a(e2,<l>2) :  •  •  •  :  a(ej,(j)j)]  (38) 

where  a(9j,(t)j)  is  defined  by  (23)  with  Kj  =  1.  c  is  the  Jxl  vector 

c  =  [ci  ,C2, ....  cj]^  =  c+jc  (39) 

where  Cj  =  AjC^*’  is  the  complex  arnplimde  of  the  j-th  source  at  time  n  =  0  at  the  reference  element  Q  is  the 
JxJ  diagonal  matrix 

Q  =  diag{e'“''^,e^‘^'^. . . .  ,e'“''^}  (40) 

where  (Oj  =  2jcFj  with  Fj  denoting  the  baseband  analog  frequency,  and  T  is  the  sampling  interval  equal  to  the 
reciprocal  of  the  sampling  rate,  Fg.  <I>  is  the  JxJ  diagonal  matrix 

0  =  diag{ej“’^e^“"^...,e^“'"}  (41) 

where  X  is  the  time  delay  equal  to  .5  ns  =  .5x10"^  s  in  our  prototype  system.  nx(n)  and  ny(n),  n=0,l,...  J4-1, 
are  i.i.d.  multivariate  Gaussian  noise  vectors,  nx(n)  ~  5\^0,a^lM)  and  ny  (n)  -  3V[0,anlM). 

Given  the  Gaussian  assumption  on  the  respective  distributions  of  nx(n)  and  ny(n),  it  follows  that 
x(n)  -  3VlRe{AQ"c},aSlM)  and  y(n)  -  5V[Re{A£2"Oc},0^lM).  The  log-likelihood  fimction  is 

lnL(a),0,(^,c,c,aS)  =  constant -NMlnc^  (42) 

-- V  I*  ||x(n)-Re{Af2"c}|p-^  s'  l|y(n)-Re{Aa"^c)|p 
20n  n=0 

Let  a  denote  the  set  of  parameters  that  the  log-likelihood  fimction  depends  on.  a  contains  5J-I-1  parameters 
which  we  group  as  follows:  ®  =  [001,0)2, ...  0  =  [0i,02.  •  •  •  =  [<i>i.<l>2.  •  • . 

c  =  [AiCosYio, . . . ,  Ajcosyjo],  c  =  [Aisinvio, . . . ,  Ajsinyjo],  and  is  the  unknown  noise  power.  Recall  that 

J  is  the  total  number  of  sources. 

With  the  (5J+l)x(5J-t-l)  Fisher  Information  Matrix  defined  as  J  =  I(a)  =  E{Va(lnL)  Vj(lnL)},  the 
QIB  on  any  unbiased  estimator  of  the  i-th  parameter  Oj  is  i-  e.,  the  i-th  diagonal  element  of  the 

inverse  of  J.  Taking  into  account  symmetry,  the  Fisher  Information  Matrix  may  be  built  up  from  the  the 
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(1,1)  element  E 


^Onu  .m, 

3o:  rtf 


the  five  IxJ  blocks,  E  T~2'0nL)Vj(lnL) 

hal 


^(lnL)Vj(lnL)  ,e  ^(InL)Vj(lnL)  ,e  ^(InL)Vj(lnL)  ,andE  ^(InL)VT(lnL)  , 


of  which  are  equal  to  0,  and  the  JxJ  blocks  E[VjV|],  ElV^Vj]  E[VeVj],  E[VcVj],  E[VcV2;],  E[VjVj], 
E[VeVj],  E[V-,Vj],  E[ViVll  E[V0VS],  E[VeVj],  E[VeVT].  E[V«VT].  E[V^VJ],  and  E[V^VT],  where  it 
is  understood  that  the  function  that  the  gradient  is  operating  upon  in  each  case  is  the  log-likelihood  function 
in  (42).  The  derivation  of  each  block  is  straightforward.  Due  to  space  limitations,  it  is  not  feasible  to  present 
an  expression  for  each  of  these  fifteen  JxJ  blocks.  As  an  example,  though, 

E[V9VJ]  =  ^  Re{£2*"C*Ag}Re{A^£2"C}  +  ^  Re{Q*"C*<&*A?}Re{A4<&Q"C}  (43) 

n=0 


where  C,  Ae,  and  Aa  are  defined  below. 


C  =  diag{ci ,  C2  , ...  ,  cj} 


A,=  3^a(e,« 


.j=l . J 


a(9,<|)) 


,j-— 1,...,  J 
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Figure  1:  Receiver  module  and  front  end  signal  processing  for  i-th  antenna  in  prototype  system. 


yt  •  1 

•  2 


wavelength  at  2  GHz  =  6  inches 
wavelength  at  18  GHz  =  2/3  inches 


L  Array  Configuration 
d1  =  2.3  in. 
d2  =  5.3  in. 


Figure  2:  L-shaped  antenna  array  employed  in  simulations  for  azimuth/ elevation  angle  estimation 
over  2-18  GHz  spectrum.  Each  leg  is  symmetric  about  its  center. 


122 


5.  Flowchart  of  frequency  and  2-D  angle  estimation  algorithm. 
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F,{RF) 

(GHz) 

(MHz) 

(MHz) 

kj  = 

nsF^lf, 

(deg.) 

(deg.) 

1 

(2/17).227 

227 

23 

11.8 

20 

40 

2  ' 

(2/17).275 

275 

25 

12.8 

50 

30 

Table  1.  Signal  Parameters  for  Simulation  Example  1. 


Figure  8:  Sample  DFT  spectrum  of  X  data  for  Ex.  1. 


Figure  6:  Frequency  estimation  performance  for  Example  1 
with  signals  in  2-3  GHz  band. 


Figure  9:  Frequency  estimation  performance  for  Example  1 
with  signals  in  17-18  GHz  band. 


Figure  7:  Azimuth  estimation  performance  for  Example  1. 


Figure  10:  Elevation  estimation  performance  for  Ex.  1. 
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Standard  Deviation  (deg.) 


